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Hydromechanics
Module 1
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Introduction
Topics of Module 1

- Problems of interest Chapter 1

« Hydrostatics Chapter 2

* Floating stability Chapter 2

« Constant potential flows Chapter 3

«  Constant real flows Chapter 4

- Waves Chapter 5
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Learning Objectives
Chapter 5

To apply linear wave theory and to derive and apply potential flow
theory to linear waves.

To describe wave shoaling, reflection and diffraction.
To describe basic nonlinear corrections to linear wave theory.
To perform simple statistical analysis to irregular wave trains.

To apply the concept of wave energy spectra and the relation between
the time and the frequency domains.

To describe wave climatology and wave prediction.

g 3
TUDelft
-




Waves

Introduction

e Sea:
« Waves driven by local wind field

 Short crested
« Irregular
« Unpredictable

e Swell:
« Generated by wind (storms) far away

More regular (sine-like)
Long crested
Unidirectional

Longer waves
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Waves

Introduction

e Deep water waves: short waves
 (Almost) no influence sea floor

h/A>1/2

e Shallow water waves: long waves
« Large influence by sea floor

h/A < 1/20
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Waves

Introduction

e Wind waves irregular

e Use superposition principle to
decompose in regular sine waves

e (compare with Fourier Transform)

- = it
[Scurve: Pierson, Neuman snd James]

g 6
TUDelft
-




Regular waves
Definitions
e { wave elevation m : N
h 'snap shot'
L }\ wave Iength m (t=ﬁxed) sea bed /
a
e (, wave amplitude m
e H wave height m H =2,
e h water depth m
e T wave period >
2T
e »w wave frequency rad/s W=
2TC
e k wave number rad/m k = Y
r 7
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Regular waves

Definitions

N

e Wave speed (or better: phase velocity)

= -'” / :' v'
A 4
C=— = — b 'snap shot'
T k (t = fixed) o /

a

e Wave profile (dependent on both time and place)

((x,t) = { cos(kx — wt)

e Due to minus sign before wi-term: wave travels in positive x-direction

« In case plus-sign: wave travels in the other direction
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Regular waves
Potential theory

e Assumptions:

« Small wave steepness
« Ignoring nonlinear terms

« Linear relation between wave harmonic signals:
« Displacements

Velocities

Accelerations

Surface displacement

(pressures, etc)

Wave potential

]
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Regular waves
Potential theory

1. Assume harmonic wave elevation:

(=, - cos(kx — wt)
2. Assume harmonic wave potential function:

d,,(x,z,t) = P(z) - sin(kx — wt)

3. Use (boundary) conditions to find leading term P(z) (see book):
« Continuity, Laplace equation

« Sea bed boundary condition
« Free surface dynamic boundary condition
 Free surface kinematic boundary condition
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Regular waves
Potential theory

e Resulting wave potential equation:

g coshk(h + z)
P, 2,8) = Z“B' coshkh

- sin(kx — wt)

e For deep water: h - o

d,(x,zt) = Za% - e®? . sin(kx — wt)
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Regular waves
Potential theory - FS dynamic BC

z

Pressure at FS equals \~//ﬁ\\‘/f N7

atmospheric pressure

e Bernoulli equation at FS:

TRASNNRNTNNETN I N N N N N WL N N N N N

0P,
W-I_ (u + v? +W2)+p—p0+ gc=20 at z =

e 2D and small wave steepness:

b, p

n atz =20
ot

+9¢=0

D
Neglected/ included

in potential

%
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Regular waves
Potential theory — FS kinematic BC

Velocity of water particles at FS equals velocity of FS (no leak condition)

e Wave profile:
dz 0¢ 0¢ Ox

= . - cos(kx — wt 9z _ 95, %
§ = Ga - cosllex — wt) > 9t ot Tax ot

e Small wave steepness:
% = % at z = Z
ot ot

e Linearization (small wave steepness):

d®d,, d¢
dz Ot

atz =10

atz = (
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Regular waves
Potential theory — FS combined BC

e Resulting kinematic FS BC:

OCI)W:% atz =10
9z ot \
o .- . . . . ZCD (I)
Combining with dynamic FS BC: d ZW_I_ga W_ 0 atz=0
db,, dt 0z
7+g(—0 atz =10 l

3% d

5 2W-|—ga—<=0 1 OZCDW 0z

t t 7 o t5:=0 atz=0

Combined FS BC: Cauchy-Poisson condition

%
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Regular waves

Potential theory — Dispersion relation

e Substitution of wave potential in CP condition yields:
w? = kg - tanhkh

e Deep water: 2T
k=T A2 2
w? = kg = T _9 5 3=9 71215672
2T T?2 A 2T
© =7
e Shallow water:
(o2
w = k/gh A N 2_1T=2_1T h = A=T,gh
g
T T A
©=

]
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Regular waves
Potential theory — phase velocity

e Using dispersion relation and wave celerity:

w? = kg - tanhkh c = % = % = c= \/% - tanhkh
e Deep water:
c=2-2
k o
e Shallow water:
c=./gh Jgh critical velocity
FuDelft 16




Regular waves
Potential theory — orbital velocity

oD, Py,
u=—— w =
ox 0z
e Deep water: ./‘g_a+
—_—
m\j-_/’ N i
> y N ¥ vV N\ -
/ v A " - & v . »
VO: u2+W2:<aw'ekz : - 4 « - '3 + E >
» a 4 - . <« * L ¥
Cs
—_—C
—_ “w
e Shallow water: > 7 3 N 7 v % >
> 2 b N & ¥ N “ o |h
> ¥ ¢ %R e » ¢ .
- t - - - > —
0 _g}_ 14 32_TC 2T
(kx-Wt) —
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Regular waves

Potential theory — orbital trajectories

O 0O 0)

O O 9

) D ¢ G g 3 a

+ N q ] deep water
l [Source: Groen d Dorrestein, 1958] p
et L 4
Sha"OW Water [ | I [Source: Groen and Dorrestein, 1958]
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Regular waves

Potential theory — wave pressure

e Use the (linearized) Bernoulli equation

D,

—+p+gz+ (uiAw?) =0

ot p _
linearized

coshk(h + z)
p=—pgz+pgl, oshikh cos(kx — wt)

e Deep water:

p=—pgz+ pgl, - e*? - cos(kx — wt)

]
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Regular waves

Potential theory — wave energy (kinetic)

e

1

— 2
K = EmV fvolume 2

(u? + w?)dm =

—f f p(u + w?)dxdz =

—f f p(u + w?)dxdz

C small
+f0f0— w?)dxdz =

1 0o 2l 1
K= EmV2 =J_.J, Ep(u2 + w?)dxdz =...=Zpgié7\

%
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Regular waves

Potential theory — wave energy (potential)

1
P=mgh=f§<pidx-g-§<)= ¢ %(

a1l
=f0§pgizdx=

1
=5 pg(éf(?cosz(kx — wt)dx =

_1 2 1}\

1

P = mgh =...=Zng§'?\

3
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Regular waves

Potential theory — wave energy

» Two forms of energy:

« Kinetic energy (velocity)

_1 2 _ 1 2
K—imV ""Zpg(a'}‘ per unit width
« Potential energy (height)
P = h=.= . 2.
- mgh ==y Pg Sa per unit width
e Total energy:
1 2 _ 1 2
E=K+P= 5 pgls = 3 pgH per unit horizontal sea surface
x
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Regular waves

Potential theory — wave energy transport

e \Work = force x distance

dW =[p-1-dz]-[u-dtl=p-u-dz-dt

e Average work per unit time: 4 /
(over one period T): Power - A
1 t+T (O C=C,cos(kx-wt)
P=—j jp-u-dz-dt e )
T t —h A \/"
1 c 2kh
= =_ 2, . —=- D7
F=..=gp86 5 (1 T sinh2kh> h d’li

A
R e NN S A R R R R RO i B

]
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Regular waves
Potential theory — group ve

e Thus power:

p_ _1 , € {4 2kl
== 5P9% 5 sinh?

» Also Power = energy x velocity:

P=FE-c,
e Now the group velocity becomes:
_c {4 2kh
‘9773 sinh2kh

c
Cg =35 deep water Cy

<3
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INCREASING TIME

INCREASING DISTANCE

[Source: Newman, 1977]
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Regular waves
Shoaling

e When waves move from deep to shallow water:

« Wave length decreases for fixed wave period
 Lower celerity (wave velocity)

e Energy transport needs to remain constant:

« Wave height increases near shore (higher energy density)

]
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Regular waves
Shoaling

Depth 2 m Depth 10 m Depth 100 m

69 Surface

Q

ANATATAN
RVAVAWINVA

Bottom

A =100

2
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Regular waves
Shoaling avstergy

Crest Crest Mavement of wave energy
:{ ookt M

Waves of transition

Waves of translation
Breaker

Little motion
below half wavelength
Shallow depth

shortens wavelength
(a) {depth less than one-half wavelength)

)]

[1]

3
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Regular waves

Refraction, reflection, diffraction

Refraction Diffraction

Reflection

Standing wave:

3
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Regular waves

Limits to linear wave theory

e Waves in reality not sinusoidal
« Use non-linear wave: stokes waves for instance:

o 8 L3 L4 L | J L] LS ¥ L L3
: = 5-th order Stokes wave
06 " i Linear wave e
by ( \ - Undaisturbed surface '
o4l N\ o \. - 20
" \‘ v.:/ I‘- '3 y‘(
\ ! \‘\‘ . g
0 2 = 'I‘I P ¢ " \ \ /.’ ”! o
z \ - / \ /
- 0 .".: e # - Ao e e F -
A\ £/ £
024 L r/ 4 b\ & -
S 7 s S -4
04t ¥4 Y ; -
_o 6 L L 1 1 L 1 1 1 L
0 02 04 06 08 1 12 14 16 18 2
x/L

e Small wave steepness: no detailed information above z=0

]
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Regular waves

Wave pressure in the splash zone

e Linear wave theory: o
« No information above z = 0 Wheeler Extrapolated
SSNg ; 4’ f Linear Theory
e Solution: N ’
. . o Linear Theory 1
« Wave profile stretching == -
@ |
L !
Yo 5 T
Horizontal Velocity
]
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Irregular waves J

. . ) é?: = — - 117
Wave superposition P ———
e Basic assumption:
« Decompose irregular waves into a /5// 7
large number of regular wave components e
« (Fourier transform) /X
/
‘ N\
z* /
i
e N e e Ko //
z =
Cyt C
_ o *2 %) — X
—— /“'\\/ g
Zy
:'T. : .4».‘/
[Sours: Piorson, Neuman snd James]
] 31
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Irregular waves

Characterization of irregular sea state

e Period: Average zero up crossing or average crest or trough period

* Significant wave height A, or 4,
« The average height of the one-third highest part of the observed waves

* Visually estimated wave height A, approx. corresponds with significant
wave height

e Mean wave height Hor #, Y

]
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Probability density distributions

Irregular waves
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Irregular waves

Wave elevation statistics

wave height

1 N
o N—1z<’2"
V n=1

e Gaussian water level distribution

() = —
flx _O' 2T

e Probability of exceedance

)

3

o)

p(Z>a)=jf(x)-dx= _ je_(ﬁi) dx -

<a1/3=2°0-
H1/3=4'G

|f(x)

e Standard deviation of the water level elevation signal {(t) and significant

%
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Irregular waves
Wave height statistics !

e In case:
« Wave elevation spectrum: narrow banded

« Gaussian distributed

e Then: Rayleigh distributed wave height distribution
NERY
Flx) = % e (573)

 Probability of exceedance

1 r a? Z 0o
p(<>a)—jf(x) dX—gfx e dx—e 202 al/3
a H1/3 = 4 -0
| H
2 2 2
211, _1( 2H . (_H
p(HW > H) =e 2<ZH1/3> =e 2(1'11/3> = e 2(1'11/3>
3
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Irregular waves
Wave height statistics

e Maximum wave height: choose design criterion:
« The wave height that is exceeded once in every 1000 (storm) waves

« It takes at least 3 hours for 1000 waves to pass by
By then storm should weaken
« (chance of zero gives a design criterion of infinite wave height)

H 2 2
_o(Zmax 1 H 1
p(H,, > Hpey) = € <H1/3> = = —2( m“") =1In

H
- 4 = [-1/2-In
Hy 3

]
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Irregular waves

Wave energy density spectrum

e Wave elevation in long-crested irregular sea:

N
((t) = Ca,, COS(kpx — Wut + &)

1. Apply Fourier transform to time trace of wave elevation
2. Use dispersion relation: relation between k and w

3. Discard phase angle
« (only statistical representation, not exact spacial and temporal

reproduction)

e Then combinations of ¢, and w, are obtained to represent the wave
elevation

]
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Irregular waves

Wave energy density spectrum

e More robust way:

1. Cut time signal in small pieces (‘windows'")
2. Fourier transform each window to obtain combinations of { and w,
3. Average the values of ¢ over the windows (take mean square):

Can,
Removes sensitivity to time shift in analysis

Reduces ‘precision’, improve reliability
Gives a smooth spectrum instead of ‘grass’

Typically: measure 50 to 200 times largest expected wave period:

15 to 20 minutes

]
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Irregular waves

Wave energy density spectrum

e Now define a spectral function Sas: & L( ,
Wn+Aw ﬁi\

1
Splon) Ao = ) ST (w) U
wWn

« Read as: the area under the S function for a narrow frequency band at w is
proportional to energy of waves at this frequency

1
E==pge;
« Now let Aw — 0: 2 Pg%a

5,(@) - do = 5, (@)

« Variance is area under S

co

G%=f5§(a))-dw
0

]
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Transformation to Time Series and back

Irregular waves

A A A A

Generated Wave Record

Measured Wave Record

40
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Irregular waves

Wave energy density spectrum

e Mind the definition of S

S(w) - do> = S¢(f) - df

« The amount of energy per frequency band is constant!!!
dw

5:(f) = Sz(w) aF
w=2mn-f

5
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Irregular waves

Wave energy density spectrum — wave height
and period

(0]

e Spectral moments: Mpg = f o™ - Sz(w) - dw
0
* RMS wave elevation: - Mean centroid wave period:
moz
GZ=RM5= /moz 7-'1=2T['Tn—1Z
« Significant wave amplitude: - Mean zero crossing period:
=2-./m m
Ca1/3 0 T, = 2m- g
- Significant wave height: Mt
H1/3 =4 . /moz

]
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Irregular waves

Standard wave spectra

6 Y e gy .
H,,=4.0m i — — — JONSWAP spectrum
: _ : Bretschneider spectrum
T =10sec
e For

. on
° o |

e 4

=

‘B

_

[ ]

o

©

e Con § .|

jo

)
[ [ _4)
3 F

2
O i a

Wave Frequency (rad/s)
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Irregular waves
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Irregular waves

Long term wave statistics

0 4 . . - . .
1/1/1980 1/1/1981 1111982 1/1/1983 1/1/1984 1111985 1/1/1986 11111987 11711988 111989 year

Fig. 4.17 The significant wave height H e =4.,[/m, over a 10-year period (1980-1989; NODC buoy 46005, position

]
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Irregular waves

Scatter diagram

Winter Data of Areas 8, 9, 15 and 16 of the North Atlantic (Global Wave Statistics)
T2 (s)
3.5 4.5 5.5 6.5 7.5 8.5 9.5 10.5 11.5 12.5 13.5
Hy (m)

14.5 0 0 0 0 2 30 154 362 466 370 202
13.5 0 0 0 0 3 33 145 203 322 219 101
12.5 0 0 0 0 T T2 289 539 548 345 149
11.5 0 0 0 0 L7 160 585 996 831 543 217
10.5 0 ] 0 1 41 363 1200 1852 1579 843 310
9.5 0 0 0 4 109 845 2485 3443 2648 1283 432

B.5 ] 0 0 12 295 1996 5157 6323 4333 1882 572

7.5 ] 0 0 41 818 4723 10537 11242 6755 2504 703

6.5 0 0 1 138 2273 10967 20620 18718 9665 3222 767

5.5 0 0 7 471 6187 24075 36940 27702 11969 3387 694

4.5 0 0 31 1586 15757 47072 56347 33539 11710 2731 471

3.5 0 0 148 5017 34720 74007 64809 28964 7804 1444 202

2.5 0 4 681 13441 56847 77259 45013 13062 2725 381 41

1.5 0 40 2699 23284 47839 34532 11554 2208 282 27 2

0.5 5 350 3314 8131 5858 1598 216 i8 1 0 0

]
TUDelft 46




o
I |
=,
G &
® 8| g
o 1L
¥ 83 [ T
O _
C .
X =
(D) ] -$
5 f -
> o .
m )Hy””n._:__ T T ¥ T T T T T
‘ e 9%% an v o = & 3 g
_I% ,W._\m&o © ©c oo oo © © =] =
0
S m il e o e e s -
L =
> 3 £
a b — _.m H
W o a g — 3
o) 5
+ = [l
(@R N ——
= = o 5 .
qe! 0 G ° w
e O |
5 20 "” =
AL i
I p—
o v e
— 5 ”” &£
— X g 2
I e Q
S 0 e = =
(W) WBIsH ABAA WESYIUBIS 4_|




Sources images

[1] Source: Greenfield Geography
[2] Waves, source: Revision World
[3] Diffraction in sea waves, source: unknown
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