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Introduction
Question

What is the most efficient way (minimum time) to go
from take-off at sea-level to Mach 1.5 at 15,000 m?

A. Climb at airspeed for max y. At 15,000 m accelerate to
Mach 2

B. Climb at airspeed for max RC. At 15,000 m accelerate to
Mach 2

C. Climbahbagspeddforamak RAte01A,000ancent and

\/ PestentcandViactel eratOtaOMachiihrd ab 9, 000lempte

oliMdrbidhddgdéfate Peddachaiatinhd, @0050A00 m,
Bledelefated climb to 15,000 m, Mach 1.5

D. Accelerate at sea-level to Mach 1.5, climb to 15,000 m at
airspeed for max RC
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Introduction

Solution
' Altitude [m]
M=1.5
15000
11000 — Do N
Subsonic ) M=2
9000 - D e
M=1.2
(Supersonic)
0 — %
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Summary previous lecture S

=200 SPED 4
180 KN DTS 100 T
160 120 %
140 \\\
H\e

» A typical climb (civil subsonic aircraft) is performed at constant
indicated airspeed and at a constant power setting. Therefore, the
true airspeed is actually increasing. Since airspeed is not constant,
it is an unsteady climbing flight

» The climb is almost a straight line. It is therefore a quasi-rectilinear

flight
: W dVv
e Corresponding equations of motion: T-D-Wsiny = EE
L=W
% . . .
TU Delft AE2104 Flight and Orbital Mechanics 7 |




Summary previous lecture

» The rate of climb in an unsteady climb is smaller than in a steady climb
because part of the excess energy is used to accelerate

RC 1 d_V>O
RC, .,V dV' dh
g dh

* You must be able to derive this ratio from the equations of motion
* You must be able to calculate this ratio (see example exam question)

» For more background information: read Ruijgrok — Elements of
airplane performance section 14.2

%
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Performance diagram b _p
. - = RCstead
W y
A
P
P, /
Pr

> \/
% . . .
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Aerodynamic forces (year 1)
Lift — Drag polar

CZ
C,=C, +—
0 Ae
total drag T
coefficient C,
wing drag
lift coefficient Cp,, 0.22 \
coefficlent > Cp from Lift-Drag polar (flaps up)
C, / 018 L figure 4.3-2
. 2 P
i S=233m
parasitedrag } C,_ S
coefficient %’ 014}  Re=55x10°
. M=0.2
induced drag .
coefficient Cpy; 0.10 PGFCIbOl.lC ‘
approximation
profile drag Cn =004
coefficient Cp, 0.06 | Do=00
P A=9.22
0.02 , e=06
drag coefficient Cp, "0 04 08 12 16 20 24
. 2
CL
4 -
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Aerodynamic forces (year 1)

Lift Drag
2
L=W C,=C, + €,
C LpV2s=w iy
L2 = D=C,tpl%S
c_Ww21 2
L™ ¢ 12 —>
SpVe D=C, 1 p|/25+—7Z_CI;L|e%PV25
w2 4 1 1
D=C, 1oV%S + G ﬂAe%pVZS
WZ
D=C, 1p/°S +
o 2P T el V2S

So, one part of the drag decreases (!) with airspeed (1/V?)
and one part increases with airspeed (V?)

%
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Aerodynamic forces (year 1)
Drag as a function of airspeed

Aircraft are quite
unique in the sense
that drag increases
when airspeed

EPIS decreases!
ini .

ro-lift drag D
drag £Eo J-0 D=D,+D,

D, =C, LplV?S

drag

total dragD

stall
limit

. WZ
induced drag Dj D —
" rAelpV’s

Vs VDmin velocity
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W - steady

> \/
V, V, Vs V,
RCsteady 4 Determine magnitude of difference
and divide by aircraft weight (W)
> \/
Vi V; V3
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Performance diagram
How does it change with altitude?

2400
power,
kW

1600

800 t

0 200 400 600
airspeed, km/h

Note: this sheet is from the first year lecture
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steady

RCsteady 4 H,
-— e = — H2
>\
% . . .
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Performance diagram
Rate of climb as a function of airspeed and altitude

- H=2000 [m]

e s
H=0[m] |

@)
T

[m/s]
I

H = 10000 [m]

steady

RC
w

I | | i | | | DAY
0 20 40 60 80 100 120 140 160 180
V [m/s]
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Performance diagram
Rate of climb as a function of airspeed and altitude

A
H
----- RC =6 m/s
RC=2m/s
\
\
|
| |
I |
I 1
| |
| | > V
% . . .
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Optimal climb

e During climb at constant indicated airspeed, the aircraft is
accelerating. V(H) is fixed

» Easy flight technique for the pilot
e But is this optimal???

* What is optimal?

%
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Optimal climb
What is optimal?

* Minimum time to climb (time)
* Minimum fuel consumed during climb (fuel)
» Distance covered during climb (distance)

» Noise during climb (noise)
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Optimal climb
What is optimal?

* Minimum time to climb (time)
* Minimum fuel consumed during climb (fuel)
» Distance covered during climb (distance)

» Noise during climb (noise)

We will focus on the first option, but the other three are optimal as
well
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Optimal climb

» Objective: to find the true airspeed as a function of altitude that
yields the minimum time to climb

dH dH e Time t is not minimal if the integrand is
RC=— < dt=— . _
dt RC minimal at every altitude H because the
" 4H term dV/dH is in the integrand
t = _[dt = | — » Variational calculus is necessary
v RC
RC 1
RCsteady 1 id_v
g, dH
[raer
t=| Jo dH
H, Csteady
% . . .
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V dVv
Variational calculus? " {Hgodl—l} -

Minimize integrand:
| : | | ; RCoteaqy Maximum
H= 10@0 [m] « dV/dH <0

~ H=2000[m]

H=0{[m]

« At H= 0, RC is maximal
at V=100

« The integrand can be
minimized more by

Ch gglﬁ% ﬁgmm Egs 2 E}Z
revceiAgea Hudes losu @t%g pE:)int

optimum V can be chosen
\ « Conclusion: No local
\\ optimum but global
0 20 20 60 80 1007 120 140 160 180 optimum (consider
V [m/s] .
complete flight path)
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Optimal climb

{ Vv dv}

4wV g,

t= [E—2 " ddH
RC

H, steady

Solution

o Simplify (low speed aircraft)
* Energy method (high subsonic / supersonic aircraft)
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Low speed aircraft

%
TUDelft AE2104 Flight and Orbital Mechanics 28 |




Low speed aircraft
4 dH {1+\g/gl\H/}
— ! — j 0

Assumption: Low speed, low altitude - dV/dH is small

dH

Rst

[ =~

O e T

Choose maximum steady rate of climb at each altitude
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T—D—Wsinyzvg\/dd—\t/
Low speed aircraft PP e Wy &V
W dt
BB _Re g
W steady
P
A
> \/ > \/
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Low speed aircraft
Solution — propeller aircraft

RCst _ Pa ,/I/Pr

P, can be assumed constant as function of airsneed

for propeller aircraft

Note: this optimal C, was determined
in the first year lectures!

(RC,, )max P i >Co = ,/3C b, TAE Pa /
Vo w2 1 . 1
i Sp CL,opt \/;
. P P,
Corresponding V, =V |— = constant y
o +
= I/, = constant because V, =V, / V
/
Pr,min
% . . .
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Low speed aircraft
Summary

» Conclusion: if the pilot selects the airspeed for the maximum
steady rate of climb at the ground and if he / she keeps the
indicated airspeed constant, then the climb will be optimal

e Optimal in this case means minimum time to climb (assuming
dV/dH is small)

%
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Low speed aircraft
Story — World War I

%
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Low speed aircraft
Story — World War I

» Allied airfoils (British / French) versus German airfoils

%’ Eiffel. 1M\
e Thin airfoils have low C_ .,
- — ———__ « Therefore, German aircraft

R B were able to fly slower

é:'\ British / French) versus
Albatros, German i i

German airfoils

Gontingen 298, German
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Low speed aircraft
Story — World War I

Numerical example

p C, =./3C, 7Ae

Cp, =0.035
A=6
P, e=0.8
CL o =1.26 (large !)
Ve =V, = \/VEVE 1
Py C

L,opt

A

(thick profiles) (thin profiles)
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Energy height

Concept to solve the minimum time to climb problem

» Altitude and flight speed are rapidly interchangeable (exchange
of kinetic energy and potential energy)

 Increasing the total energy is much slower because it depends
on the excess power

Energy =imV?+mgH = %V—VVZ +WH
g

A

H

Line of constant energy

/

>V
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Energy height

10000 e SO ri

9000
8000

7000 O AU S burs L SO SO S S AN

6000

5000

H [m]

4000
3000 D T
2000

1000

: \ \ \ i i i i
0 50 100 150 200 250 300 350 400 450
V [m/s]
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Energy height

H A
Large energy
Optimal combination of V
------- -~ / and H to increase the energy
\\ \
Small energy "~ N
\\
\
\ \
L,V

So: “"Minimum time to climb” problem approximated by another

problem: find V,,,. (H) at which minimum time to total energy

%
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Energy height
Energy method

Energy height

Equation of Motion

E =mg,H +3mV* W _b-wsiny
W, , Jo dt
— 1
E_WH+Eg_V 1 dv - T-D
0 ———4siny=—
E V2 gO t W
Ho=ro=H+ V d PP
W 29, — —+Vsiny=-2_1
g, at

dH, |dH 1 dV?

= —+ 2
dt | dt 2g, dt \ 1 dv +dH:Pa—Pr

%
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Minimum time to climb

dH, _pe
dt

dt — dH,
RC

st

H

< dH . .

t= € (time to energy height
H{l o gy height)

st
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Optimum path subsonic aircraft

16,000
H, m ©
/
12,000 B\ ne
/ S
0m/s (for each gonst_ant _
y 5 energy height line, find
the maximum steady
8’000 % rate of climb)
15
20
4,000 ;
30
O ‘ 3
0 2,000 4,000
VZ
B,
9o
% . . .
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Solution high speed aircraft

0 h,<h,<h,
% 600 —
” =
400
AL
8 g 200 —
P
MR~
O
(a)
Q fi3 L
Q
-O A,
-
-_I'IS o 400 ft/s
<
O 1.0 2.0 MaCh
% . . .
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004

_ 0.8
° ° CDO k
Supersonic aircraft o 08
o . oo
» Dip in excess power is caused 0.4
by transonic drag rise: 0.01 0.2
— 2 0 1 L 0
CD_CDO(M)+k(M)CL 16 20
Mach number
c 1.2 c 012 supersonic aircraft
L @ Do @
10 } K010
0s | wing area $=365m 008 |
06 } 3 3; 008} Kk=1/(nAe)
0.4 004
0.2 002 _
CDO
0 - - 0 e
0 001 002 003 004 005 006 0 02 04 06 08 10
Cp M
High subsonic aircraft
% . . .
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Solution high speed aircraft

M1 finalnpoint

\ He » m
30,000 .

15’000 M =1.0y

{
}
1
I
t

0
<1 &C
H, m \
s
10,000 |
80

100, 25,000
5,000 126
140 .
20000
160 C . \ o
initial point S
0 N ;
0 5000 10,000 15.000
V2
—_—m
290

4 .
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Solution high speed aircraft

Example performance

» Mig-29: Climb from sea level to 6000 m in less than 1 minute
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Example exam question

Question 2 (14 points)

A challenging problem in the field of airplane performance 15 the so-called minimum time to
climb problem. The optimum path to climb from an inifial condition (sea level, subsonic
airspeed) to a final condition (Mach 1.5 at 153000 meter) for a supersonic aircraft is given in
the figure below.

15000 final I~point
H,m \ Ho,» m
30,000
10,000
25,000
5,000
20,000
%o
V2
290

Fiz. 1: minimum time to climb trajectory for a supersonic aircraft

',I';U Delft AE2104 Flight and Orbital Mechanics 50 |




Example exam question

a) A useful concept to solve the minimmum time to climb problem is the energy height.
This may be derived from the equation of motion along the path of a climbing and ac-
celerating aircraft. Write down thus equation and convert it to an energy equal‘mn Ind:-
cate which part of this equation 15 indicated as energy height, and show how 1f 1s related
fo the “specific excess power (indicated in the above figure as RC') (3 points)

b) What 1s the approximate value and dimension of the energy height at the imtial
condition? (2 points)

c)  The optimum path of this arrcraft consists of four phases. Clearly explain why this 15
the optimmm path and not for example a straight line from the 1mtial condition to the
final condition. (4 points)

d)  The hnes of constant Mach number show a kink at approximately 11000 m. What 1s the
physical cause of this kink? (2 points)

e¢)  Deternune, by using the figure, (1) the maximum airspeed in steady flight in m/s that
can be achieved by this aircraft and (2) the theoretical cetling of this aircraft. (3 points)
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Summary

%
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Questions?

]
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