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Example: Ariane 5

Questions:

e what is the
payload of this
launcher?

e why does it
have 2 stages
and 2 boosters?

e what are the
characteristics of
each stage?

[Arianespace, 2010]
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Overview

Ideal single-stage launcher

Ideal multi-stage launcher

Real single-stage launcher (gravity, atmosphere)
Real multi-stage launcher (idem)

Overall performance (Pegasus)

Design (Pegasus)
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Learning goals

The student should be able to:

derive, describe and explain Tsiolkovsky’s equation
describe and explain the concept of a multi-stage launcher
and quantify its performance

describe and quantify the performance of a launcher in
realistic conditions, /.e., under the influence of gravity and
drag

make a 1st-order design of a new launcher from scratch

Lecture material:
» these slides (incl. footnotes)

%
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Principles

Principles + performance ideal rocket: partial recap of
ael-102
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Principles (cnt’d)

before

during

vehicle contains payload, structure, propellant
exhaust velocity propellant w

conservation of momentum of system

vehicle accelerates

%
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Principles (cnt’d)

» system = launcher + expelled propellant
e momentum system = constant

Md_v — _d_MW

dt dt

Solidification Principle:

F:I\/Ia:Md—V
dt

= Mw

* M = instantaneous mass of rocket [kg]
* m = expelled (gaseous) mass per unit of time, or mass flow [kg/s]
» V = jnertial velocity of launcher [m/s]
'ifu » w = relative exhaust velocity of expelled propellant [m/s]
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Ideal single stage rocket

Equation of motion (vacuum, no gravity):

Md_v — _d_MW
dt dt
Integration:
M -
Y. W.n[ begm]
Mend

Tsiolkovsky’s Equation (a.k.a. "the rocket equation™)

Note: w = I, g,
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Characteristic parameters:

Ideal single stage rocket (cnt’d)

e thrust-to-weight ratio: Wy = — &
Mo 90
e mass ratio: -
A = begin
Mend
So:
: Mbegin —Mend lsp 1
e burn time: th = _ _(1__j
m Yo A
: Veng = | In(A
 end velocity end sp 90 In(A)
. 90 |52p (1_ In(A)—l)
* burnout altitude: end Yo A
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Ideal single stage rocket (cnt’d)

“normal” impulsive shot *
A Mbegin / Mend
G (Ip / Wo) (1 = 1/A) 0
A0 F/ (Mg 9) oo
Vend I 9o IN(A)
Send 9o Iep® / Wo (1 = (In(A)-1)/A) 0

*: impulsive shot: all propellants are ejected in 1 instant
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Ideal single stage rocket (cnt’d)

Do not forget (cf. ae1-102):
e Y, >1

e structural loading at burnout

%
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Ideal multi-stage rocket (cnt’d)

Definition of parameters:

* M., = total mass (/e., before firing)
* Mpayioad = PAyload mass ()

* M. = Construction mass (N )

e M

orop = Propellant mass ([])

¢ IVIbegin = Ivltotal = IVIpayload + Ivlconstr + Ivlprop

¢ Mend = Ivlpayload + IVlconstr
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Ideal multi-stage rocket

M

AV o I, In( v ftT\IA }
total prop

| | n M total
A VY
constr payload

I\/Iconstr + M payload _ exp —AV
M M |SIO do

AV

total total
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Ideal multi-stage rocket (cnt’d)

Example 1:

AV = 10 km/s, I, = 400 S, Mcger/Mior = 8 %,
Mpayload — 500 kg ->

° Ivltotal = Ivlbegin =277
e Mo, = ?7?

° IVlconstr =777

%
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Ideal multi-stage rocket (cnt’d)

Example 1 (cnt'd):

— Isp=400s,Mc=8%

0.04 \
0.02 \

7 8 9 10 il
deltaV [km/s]

Mpayload/Mtotal [-]

NO SOLUTION ! 15 |
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Ideal multi-stage rocket (cnt’d)

Options:

» reduce required M, i0ad

* use engine/propellant with higher I,
» use lighter construction

* multi-staging

%
TUDelft AE2104 Flight and Orbital Mechanics 16 |
T




Ideal multi-stage rocket (cnt’d)

Example 2: AV = 10 = S,
Ivlconstr/ Miotas = 8 % Ileayload = 250 kg

— Isp=400s,Mc=8%

0.10

T 0.08 ™

= \

(=]

g 0.06

E

o 0.04

§: \

= 0.02 \
0.00 , . .

7 8 9 10 i
deltaV [km/s]
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Ideal multi-stage rocket (cnt’d)

Example 3:

AV = 10 km/constr/MtotaI =8 %,
Mpayload — 500 k

— Isp=400s,Mc=8% — Isp=500s,Mc=8%
0.18
_0.16
= 0.14
S 012 e
Z 0.
£ 0.10 T
T 0.08 ™~ e
2 0.06 e T~
3 0.04 T~ e
= 0.02 \ \
0.00 : e
7 8 9 10 11
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Ideal multi-stage rocket (cnt’d)

Example 3 (cnt'd):

AV = 10 km/s, I, = 500 S, Megretr/Miotar = 8 %,
Mpayload — 500 kg ->

* Mpayioad/Miotal = 0.0502

* Migtal = Mpegin = 9960 kg
* M netr = 797 kg

* M,op = 8663 kg

* Mpiop/Miotal = 87.0 %

%
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Ideal multi-stage rocket (cnt’d)

Example 4:

AV = 10 km/s, I, = 400 s, Mcgnete/Miota = 4 %,
Ivlpayload = 500 kg >

— Isp=400s,Mc=8% — Isp=400s,Mc=4%

012

T 0.10 \\

= 0.08 T~

E 0.06 ~ e
&

o

0,04 T i
= 0.02 \

7 8 10 11
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Ideal multi-stage rocket (cnt’d)

Example 4 (cnt'd):

AV = 10 km/s, I, = 400 S, Mger/Mioias = 4 %,
Mpayload — 500 kg ->

* Mpayioad/Miota = 0.0382

* Miotal = Mpegin = 13089 kg
* M netr = 524 kg

* Myop = 12065 kg

* Mpiop/Miotal = 92.2 %

%
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Ideal multi-stage rocket (cnt’d)

Example 51 noconstruction mass ...........
— |sp=400s,Mc=8% — Isp=500s,Mc=8%
— |sp=400s,Mc=4% - Isp=400s,Mc=0%
0.18
7 0.16 <=
= 0.14
° 0.12 /~
S 0.10 \\
& 0.08 —
e \ \\\ —
0.00 | I |
7 8 9 10 11
deltaV [km/s]
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Ideal multi-stage rocket (cnt’d)

Example 6a:
Isp = 400 Sy Ivlconstr/MtotaI = 8 0/0,
00 kg =

v payload —

‘—Isp=4005,Mc=8%
¢ Ileayload/lvltotal = 0.1997 0.30 s
¢ IVltotal = IVIbegin = 2504 kg gziz \

% 0.15 \
* Meonstr = 200 kg %0_10 \\
* Mprop = 1804 kg o e
¢ Mprop/ IVltotal = 720 0/ 0 4 5 i deltaV7[km/s] i i b
'?U Deld 23 |
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Ideal multi-stage rocket (cnt’d)

Example 6b:
Isp = 400 Sy Ivlconstr/MtotaI = 8 0/0,
04 kg =

V
payload

‘—Isp=4005,Mc=8%
¢ Ileayload/lvltotal = 0.1997 0.30 s
° IVltotal = IVlbegin = 12/539 kg gziz \

% 0.15 \
e Meop = 1003 Kg \\
* Mprop = 9032 kg o e
¢ Mprop/ IVltotal = 720 0/ 0 4 5 i deltaV7[km/s] i i b
'?UDeH 24 |
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Ideal multi-stage rocket (cnt’d)

Add numbers examples 6a+Db:

Example 6a Example 6b total
AV [km/s] 5.0 5.0 10.0
Morop [kg] 1804 9032 10836
Meonstr K9] 200 1003 1203
Mpayioad [K] 500 500

Y o 12539 12539

stage 2 stage 1
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Ideal multi-stage rocket (cnt’d)

Compare examples:

Example 1 | Example 3 | Example 4 Example

6a+b

AV [km/s] 10.0

Ileayload [kg] 500

I [S] 400 500 400 400

Ivlconstr/ IVltotal [0/ 0] 8 8 4 8

# stages 1 1 1 2

Morop [kqg] n.a. 8663 12065 10836

Meonstr LKG] n.a. 797 524 1203

Moo [KG] n.a. 9960 13089 12539
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Ideal multi-stage rocket (cnt’d)

Compare examples:

—Isp=400s,Mc=8% — |sp=400s,Mc=4%
~|sp=400s,Mc=0% —|sp=400s,Mc=4%| (ms
-
0.18 f
'f /
= N ——
8
=
=)
®
S
T
o
=
deltaV [km/s]

Conclusion: 50% gain in payload (ratio) !

%
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Ideal multi-stage rocket (cnt’d)

Multi-staging:

Advantages:

e N0 need to accelerate total construction mass until
final velocity = upper stages perform more efficiently

0 more payload capacity

0 more AV capacity

Disadvantages:

e more complexity (engines, piping, ...)
TUL 28 |
s » more risk (jettison, ignition, ...)




Ideal multi-stage rocket (cnt’d)

Definition of parameters:

* My = total mass of stage "i” (/.e., before firing)

\\://
I

* Mpayi0agi = Payload mass of stage

\\: /7
I

* Menst;i = Construction mass of stage
e M

oropi = Propellant mass of stage ™i"

* Note: Ileayload,i = IVItotal,i+1

',I';U Delft AE2104 Flight and Orbital Mechanics 29 |




Ideal multi-stage rocket (cnt’d)

A A A \

/ \\; {'\ / \ \
fe 0,»" \ ),v \ ;‘f \

/ y. | / y.

1%
7
green = payload
Stage 1 2 3 4
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Ideal multi-stage rocket (cnt’d)

Tsiolkovsky, single stage:
Mbegin ]

AV = g goln[
P Mend

define
P = Mpayload / Mpegin
o = Mconstr / M prop

then
Mbegin _ Mpayload *Mconstr +Mprop _ 1+0
Mend M payload + Mconstr p+o
)
1+ o0
AV = lsp 90 In( j (after [Fortescue, Stark &
pto Swinerd, 2003])
% . . .
TU Delft AE2104 Flight and Orbital Mechanics 31|




Ideal multi-stage rocket (cnt’d)

Derivation of 4t equation on previous sheet:

Mpayload = PMpegin and Mceonstr = o Mprop
S0

Mbegin = P Mbegin + Mconstr +M prop
which becomes

(1-p)Mpegin = Mconstr *Mprop = (o+1)Mprop
or

Mbegin = i—; M prop

mass ratio for Tsiolkovsky's equation :

l+o M l+o
Mpegin 1-p Prop . 1-p B l+o B l+o 140
B 1+ - 1+ - _ = _ =
Mend pl_ZMprOerGMprop pl_g+o_ pl+o)+o(l-p) P+ po+o-po p+o
] . . .
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Ideal multi-stage rocket (cnt’d)

stage"i" only :

1+ oj
AVi = lgido In( ! }
S e W

total launcher :

1+ o
AViot = ZAVi = Z'sp,i go'”(pHJ'iJ

assume
Isp,i = lgp
oj = S
S0
1+
AViot = Z lsp 90 In| — s (after [Fortescue, Stark &
Pi Swinerd, 2003])
% . . .
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Ideal multi-stage rocket (cnt’d)

by definition :
Rot = PLxp2xp3x..xpN = Ilpj

optimal solution (w.o.derivation):

pi = N/Rot

SO
AViot = lsp 9o N{In(+s)—In(s+N/Rot)}

(after [Fortescue, Stark & Swinerd, 2003])
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¥ |- P=0.000

Ideal multi-stage rocket (cnt’d)

8 /'
P=0.005
s X ¥ P=0.010
% w % ¥ ¥ * X X P=0.050
§ . & [ ]

P=0.100

X

*

N

deltaV/(l_sp*g_0) [-]
S D
'\‘\
o
p
5
.
2
e 2]
’ !
.

0 1 2 | B 5 6 7 8 9 10
number of stages [-] N P

Véronique | 1 0.044

o #stages typically 3 or 4
» single stage: AV/(I,,go) 1.7 — 2.4 (factor 1.4) Ariane-4 | 2| 0.02-0.03
4 stages: AV/(I,,g,) 2.0 — 5.5 (factor 2.8)
» staging very attractive (for modest P)

high P: gain multi-staging limited (= 2 stages for Ariane- 35 |
5, Delta IV, Titan V, ...) real challenge! .




Ideal multi-stage rocket (cnt’d)

Question 1

The performance of a rocket (/.e., the AV that can be
obtained) is determined by the ratio My.gin/Meng, @mongst

others. New parameters “p” and “"0” can be defined:
p=Mpaonad/ IVlbegin and 0-=Mconstr/ Ilerop'

Derive the following equation:
IVIbegin/Mend = (1+0)/(p+0)
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Ideal multi-stage rocket (cnt’d)

Question 2

The performance of a rocket (/.e., the AV that can be obtained) is determined by
the ratio Myeqin/Meng, @mongst others. New parameters “p;” and “0,” can be
defined for each possible stage “i": pi=My.yi0ad,/Mbegin i @Nd G;=Monstri/ Mprop,i-

Derive the following equation which holds for an arbitrary number of stages N
(where it is assumed that the parameters o, are equal to “'s” for all stages, and
the payload fractions of all stages p; are equal to (N)VP, (/.e., the Nt root of

IDtot) :

AViot = lsp 9o N{In(+s)—In(s+N/Rot)}
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Ideal multi-stage rocket (cnt’d)

Question 3
Given the equation
AViot = lsp 9o N{In(+8)-In(s+N/Rot)}
1. What do the various parameters represent?
2. What does the equation express?

3. Make a sketch of the behaviour of AV,/(I, g,) as a function of
parameter N, for the case P, = 0.001 and the case P, =
0.010 (parameter "s” is equal to 10%). Clearly indicate the
(range of) numerical values for AV/(Ig, go).

4. Discuss the consequences of increasing N for both cases of P,..
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launcher

Y VEHICLE AXIS

Real single-stage

[Fortescue & Stark, 1995]

In direction of flight: M dV/dt = F cos(a+d) — M g sin(y) - D
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Y VEHICLE AXIS

VELOCITY V

~
-
S _TRAJECTORY

Real single-stage launcher -; =

In direction of flight: M dV/dt = F cos(a+d) — M g sin(y) — D

1. Thrust misalignment: a+d # 0°
(oo needed to counteract gravity, 6 \
for steering = cannot be avoided) T

D+pgAe

2. Gravity loss: y # 0° (launcher lifts
off in vertical direction =
unavoidable)

3. Drag loss: D # 0 (first part of
trajectory through atmosphere -
unavoidable)
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Real single-stage launcher (cnt’d)

vertical flight :

av = —wM_gar- D
M
integration :
Vend = W——J‘ dt—J —dt =

= Vend,ideal —AVg —AVq

where
Vend,ideal = Isp90In(A)
— AVg = dotp
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Real single-stage launcher (cnt’d)

velocity at burnout :

1)} e including gravity

1
Vburnout = lsp 90 {In(A) _‘P—o(l_x losses

e w/o drag losses

altitude at burnout:
2 2
. _ lsp90 (1_In(A)+1j_ 1 (1_%
burnout = ¥ A —2\110 A

altitude at culmination :

2

Isp 90 (1 2 1 j
h = —YnaIn<(A)-In(A) - —+1
culm ¥y (2 0In“(A)—In(A) A

time until culmination:

'FUDeIft lculm = ISp In(A) lics 42 |
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Real single-stage launcher (cnt’d)

Data:

» specific impulse I, = 300 s

e Y, =15

e A=5

Results: w/0 gravity with gravity
burn time [s] 160.0
burnout velocity [m/s] 4736.6 3167.0
burnout height [km] 281.4 155.8
culmination time [s] - 482.8
culmination height [km] - 667.0
culmination height for - 1143.5
impulsive shot [km]
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Real single-stage launcher (cnt’d)

Culmination altitudes of single-stage launchers, for I, = 200 s (left) and 400 s
(right). Maximum acceleration = 10g.

culmination altitude [km] culmination altitude [km]
1400
1200
11000
1200 1800
1150 1600
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Gravity loss: minimize by shifting to horizontal flight a.s.a.p.

Drag loss: minimize by reducing trajectory through atmosphere

CONFLICT !!

Solution 1: start in vertical directory, then turn to (more)
horizontal direction.

< Solution 2: use air-launched vehicle.
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Example: Pegasus

Requirements [OSC, 2003]:
» maximum payload 455 kg into LEO

* cost-effective

* reliable

- flexible

* minimum ground support
« multiple payload capability
* short lead time

* (released at 12 km altitude)
',I:;UDeIft AE2104 Flig ot 105G, 20101 46 |




Example: Pegasus (cnt’d)

Pegasus XL mission profile [OSC, 2007]

Third Stage Burnout
and Orbital Insertion
t = 663 sec
h =400 nmi
. v = 24,550 fps
Second/Third v= 0.0 deg
Second Stage Stage Coast 3P
Burnout )
t=161.9 sec

h = 630,900 ft H Third Siago lgnition

v = 18,020 fps ‘3 h = 397.5 nmi
R 4 v = 14,980 fps

P y=2.2deg

s Payload Fairing Separation
= t=88.7 sec t=121.1 sec
} h = 39,000 ft h = 230,300 ft

- h = 366,300 ft
M =0.82 v=8210 fpS/ v = 11,200 fps

’ First Stage Burnout
» t=76 sec
/ h = 178,900 ft

v = 8,400 fps

Second Stage
L-1011 Drop Launch  gnition

: Max g
First Stage Ignition
t=5sec 1,420 psf
h = 38,690 ft
v =1470 fps
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Overall performance

500 - - - - - - 1,100
450 — i i 28.5% Orbit from Eastern Range — 1,000
i i — —————— 38° Orbit from Wallops Flight Facility
By : | emmm—— 60°(1) Orbit from Western Range
400 _____"2‘:\.“;: S e I hLLLELLE LT 70° Orbit from Western Range | _—{ 900
" —— s E - ——=——-—— 90° Orbit from Western Range
-~ T ! -~ i — == —— -~ —— 9B° Orbit from Western Range 800
350 !
= o0 g
= 300 o
= Z
Z 600 =
& 250 o
o 3
= 500 3
s o
= 200 °
L a
B 400 o
150
300
100
200
50
100
0 0
200 400 800 800 1,000 1,200 1,400 km
L 1 I I I I I J
200 300 400 500 600 700 nrni
Circular Orbit Altitude
+ Drop Conditions: + Entire Mass of the Separation System |s Bookkept on the Launch Vehicle Side
11,900 m (39,000 ft)y + 67 misec {220 fi/sec) Guidance Reserve Maintained (1) ) .
Mach 0.80 + Fairing Jeltison at .48 Pa (0.01 Ib##2) Requires VAFB ‘Jggg’g{o

[OSC, 2000]

~ Can we (easily) reproduce these numbers?
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Overall performance (cnt’d)

Specific energy (/.e., energy per unit of mass):

Eorbit = Epot,begin + Ekin,eff — AEpot

e E ;i = total energy in orbit (sum of kinetic+potential)
* Eotpegn = Potential energy at launch
* Eyn e = effective kinetic energy

e AE,, = gain in potential energy

%
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Overall performance (cnt’d)

Substitution:
£ o r +£(VO+AV1+AV2+AV3—AVd+g )2— _E £
za Re + hIaunch a Re + hIaunch

e U = gravitational parameter Earth
e a = semi-major axis of orbit

* h,,n = altitude of launch platform
* V, = velocity of launch platform

* AV, ,5 = velocity increment delivered by stage 1,2,3

Fupelft ® AV4y, Velocity loss due to atmosphere and gravity
A G S S S S S S ESESE ST ST E S S S T T




Overall performance (cnt’d)

velocity Earth

velocity L1011

/

Pegasus carrier:

_I_

Pegasus vehicle:

stage | I, [S] Mprop [kd] Meonstr Mpegin k]
[ka]
3 289.3 770 126 Moayioad*Morop, 37 Mconstr3
2 291.3 3925 416 Mpegin 3+ Morop 27+ Meonstr 2
1 295.9 15014 1369 Mpegin2+Morop, 1+ Meonstr 1

= a = (i, Oyunchr Niaunchy PAYIOAd Mass)
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Overall performance (cnt’d)

[Wertz&Larson, 1991]:
 Drag+gravity losses 1.5-2.0 km/s
 Drag loss: 0.3 km/s

Pegasus: small launcher =»
 Drag+gravity losses 1.5 km/s

* Drag loss 0.3 km/s

« Gravity loss 1.5 -0.3 = 1.2 km/s
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Overall performance (cnt’d)

Results for launches due East from KSC (0=28.5°) and WTR (6=34.6°):
Pegasus payload performance

\—0— KSC, i=28deg, actual <~ computed - WTR, i=98deg, actual —El—computed\

500
450
400 %
S 350 |
= Iy
= 300 |
8 250 N N
0 T
€ 150 =EeS —
100
50
0 ‘ ‘ ]
0 500 1000 1500 2000

circular orbit altitude [km]
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Overall performance (cnt’d)

Orbit altitude as a function of carrier velocity (M,,,10a¢ = 300 kg,
launch at equator):
Pegasus capability for 300 kg payload

\ —-i=0deg M i=98deg

T 800

= 700 e —&

S 600 -~ — %

2 500

£ 400

8 S

5 300 L

& 200

o 100

.G 0 ! ! ! !

0 0.05 0.1 0.15 0.2 0.25

p velocity L1011 [km/s]
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Design

Can we (easily) reproduce the overall layout of a
launcher?

Example: Pegasus

'i"U Delft AE2104 Flight and Orbital Mechanics 55 |




Design (cnt’d)

Some data and assumptions:

3 stages

|, 1dentical for all stages (290 s)
* Mt/ Mioty 1dentical for all stages (0.08)
V. =7.784 km/s at h=200 km

* Vi = 0.464 km/s at equator
* Vi rier = 0.222 km/s w.r.t. Earth
© 2 Vpegasus,initial = 0.686 km/s

fur® DAV, =7.784 - 0.686 = 7.098 km/s Vlechanics 56 |
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Design (cnt’d)

* Drag loss 0.3 km/s
 Gravity loss 1.2 km/s

15t order approach:
* AV,4, equally distributed over 3 stages
 Drag loss on account of 15t stage

 Gravity loss equally distributed over 3 stages

->
- Stage 1. AV =2.366 + 0.3 + 0.4 = 3.066 km/s
1+ Stage 2 and 3: AV = 2.366 + 0.4 = 2.766 km/s (each) 7|




Design (cnt’d)

Tsiolkovsky’s rocket equation:

AV = golspln(lvI 'V'tot?\./l j
prop

total

|\/Itotal
constr + M payload

AV = gyl In[ Y

Ivlconstr 4 M payload ~ _ exp( —AV ]
I\/Itotal I\/Itotal Isp gO
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Design (cnt’d)

Stage 3:
I\/Ipayload = 455 kg, Isp =290s, I\/Iconstr/ Miotar ~ 0.08:

SO:

o My = 1526 kg
* M = 122 Kg
* Miavioad = 495 kg

© My, =949 kg

» Next: total mass of stage 3 is equal to payload mass of stage 2.

|
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Design (cnt’d)

stage 3 stage 2 stage 1
re-eng real A re-eng | real A re-eng real A
[ka] kgl | [%] | [ka] | [kg] | [%] | [kd] [ka] [%]
payload 455 455 0.0 1526 | 1351 | 129 | 5116 5692 | -10.1
constr. 122 126 -3.1 409 416 | -1.6 1572 1369 14.8
prop. 949 770 23.2 | 3181 | 3925 | -19.0 | 12961 | 15014 | -13.7
total 1526 1351 12.9 | 5116 | 5692 | -10.1 | 19649 | 22075 | -11.0
] . . .
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o Isakowitz, S.J.. In: (2nd ed.), International Reference Guide to Space Launch
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http://www.orbital.com info on Pegasus, Taurus and Minotaur

users.commkey.net/Braeunig/space/specs/pegasus.htm

http://arianespace.com/english/leader launches/html

e http://www.boeing.com/defence-space/space/delta/record.htm) S
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