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Material for exam: this presentatione(, no material from text book).
Sun-synchronous orbit: used for a variety of earth-observing missions.



Example: ENVISAT

Questions:

e what is the
purpose of this
mission?

» what is its orbit?

¢ what would the
AV budget be?

[ESA, 2010]

%
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Introduction picture.



Learning goals

The student should be able to:

» derive accelerations in arbitrary direction, induced by arbitrary
components of the gravity field

« derive, understand and explain the equations that describe Earth-
repeat orbits

» quantify relevant parameters of (potential) Earth-repeat orbits

» derive, understand and explain the equations that describe Sun-
synchronous orbits

« quantify relevant parameters of Sun-synchronous orbits

« quantify relevant parameters of orbits that satisfy both Earth-
repeat and Sun-synchronous conditions

« derive and quantify orbital perturbations on geostationary
satellites and their implications
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In essence, this is about understanding an important component in the space
environment, and dealing with the consequences (in a positive way!).



Overview

» Kepler orbits

 Gravity potential

» Gravitational accelerations
« Earth repeat orbits
 Sun-synchronous orbits

» Geostationary orbit
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This topic relies to a certain extent on the theory of Kepler orblecaged in
ael-102.

The material covered in this powerpoint presentation needs to be studiee for t
exam; more (background) information on all topics can be found in “Spacecraft
Systems Engineering” by Fortescue, Stark and Swinerd.



Questions

* What are the parameters with which a gravity field can be
described?

» How can one compute a gravitational acceleration in arbitrary
direction?

» What is the effect of the flattening of the Earth?

» For what purpose do we need repeat orbits?

» What are the characteristics of repeat orbits?

* For what purpose do we need Sun-synchronous orbits?

» What are the characteristics of Sun-synchronous orbits?

» What are the effects of the gravity field on geostationary orbits?
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Some examples of relevant questions that you should be able to answer afte
having mastered the topics of these lectures.



Introduction

Why gravity field ?

» Satellites provide a unique observation point for wide variety of
observations (Earth objects, atmosphere, astronomical targets)
» Location (motion) of satellites is predominantly driven by Earth’s

gravity, including irregularities

source central | flattening | atmospheric |  Solar Sun (3
gravity Earth drag radiation | body)
acceleration 9 1 x 1072 3 x 10° 5x10° | 5x 107
[m/s?]
» We can use the irregularities of the Earth’s gravity field to our
advantage. ]
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The values mentioned in this table hold for the GOCE satellitéu@@dti250 km),
and are meant for illustration purposes only; actual acceleratiors\ddpend on
specific circumstances (position, level of solar activity, ....). More on
perturbations in one of the next lecture hours.



Kepler orbits (1)

Z
« Partial overlap with “space
environment” (ael-101)
» Coordinates: systems and v
parameters :
Y
5 : . ,
TUDelft AE2104 Flight and Orbital Mechanics 71

Selecting a proper reference system and a set of paranmetedescribe a

position in 3 dimensions is crucial to quantify most of the phenomena treated in
this chapter, and to determine what a satellite mission will exyeriéption 1:
cartesian coordinates, with components X, y and z. Option 2: spherical
coordinates, with components r (radius, measured w.r.t. the center-obhthss
central object; not to be confused with the altitude over its suri@da}ijtude)

andi (longitude).



Kepler orbits (2)

a(l—e’)
1 + ecos(6)

*0=0%r=r,=a(1-e); pointat minimum distance
-> pericenter  (perigee, perihelion, ....)

*0=90%r=a(le?)=p

*0=180°%r=r,=a(1+e); point at maximum
distance - apocenter  (apogee, apohelion, ....)

orp+ra=2a9a=(rp+ra)/2

furee=(r,—r,)/(r,+r,)

-

"Pericenter” is the general expression for the position at clos#ande to the

focal center; when the object orbits the Earth, one generally spkties

“perigee”, and when it orbits the Sun, it is named "perihelion”. Similar
expressions for the point at farthest distance “apocenter” -> “apogee”,

“apohelion”.



Kepler orbits (3)

2-dimensional orbits:

e a — semi-major axis [m]

e e — eccentricity [-]

e t,, T —time of pericenter passage

[s] : :

3-dimensional orbits:

i —inclination [deg]

» Q - right ascension of ascending
node [deg]

* w — argument of pericenter [deq]
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The time of passage of a well-defined point in the odxf,(the pericenter) is
indicated by “f” or, equivalently, " (“tau”). Knowing this value, one can relate
the position in the orbit to absolute time (cf. following sheets).

The inclination “i” is the angle between the orbital plane andeagste plane,
such as the equatorial plane. It is measured at the ascending.@pties

location where the satellite transits from the Southern Hemispiéne

Northern Hemisphere, so by definition its value is between 0° and 180°. The
parameters) ando can take any value between 0° and 360°.



Gravity field Earth
Newton: force = GIEHXMASS, ‘
distance®
Elementary force: JF = UM AF el
(Ar)* Ar
Total force: F oo —j Gmy, AF
2 (Ar) Ar &
Total acceleration due
to symmetrical Earth: ; _ _GM
e
Radial acceleration: o _GM _ u
!"2 ,,2
Idem, written as B aU o u u
function of potential: ~ * = —5 = —3; (-1 where U=--
x : . ;
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Parameter “G” is the universal gravitational constant (6.67259xh8kgs’),
“mg, represents the mass of the satellitg;™is the distance between a mass
element of the Earth and the satellite (written in bold it is the vetitected
from the mass element to the satellite), “r” is the distantedsm the satellite
and the center-of-mass of the Earth (equal jorthe picture — apologies for
difference in notation),g” is the mass density of an element “dv” of the Earth
[kg/m3], “V” is the total volume of the Earth, “M” is the total masstio¢ Earth
(5.9737x1@*kg), “U” is the gravity potential (last equation: for a symmetric
Earth), and {i” is the gravitational parameter of the Earth

(=GxM,,41=398600.44x10m3/s?).

The last equation shows how to compute the radial acceleration. Similar
expressions can be used to derive the acceleration in x, y and z dirgwiias:
by taking the partial derivatives w.r.t. these parameters, and aaldnigus sign).



Gravity field Earth (cnt’d)

real Earth: highly irregular gravity field
¢ potential
* accelerations

e geoid

[GFZ, 2011]

1
TUDelft

The Earth is irregular in shape and mass distribution; this pictustrdtes the
geoid,i.e. an equipotential surface w.r.t. a 3D ellipsoid; offsets are about 80 m in
either direction.
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Gravity field Earth (cnt’d)

n

o]
Gravity potential:) , _ _#p_ S (&] P, (sin &)
r r
n=2
[e0] n R n
22 Inm (f} Py, m(sin&) cos(m(A = Ay ) ]
n=2m=1
Associated d"Mp (x
Legendre Pam(x) = (1-x2y"2 d—i’;’()
function: *
1 d"
Legendre Py(x) = - _n(l_x2)ﬂ
polynomial: (=2)" n! dx
3 : . :
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The first equation gives the classical description of the gréeity potential,

with respectively the main term, the zonal terms (independent of longande
the sectorial and tesseral terms (cf. next sheet). ParafRetes the Earth’s
equatorial radius (6378x1@n); the satellite position is described in_an Earth-
fixed (as in: co-rotating) reference frame by the radiusvitt.{. the center of
Earth), the latitudegd” (w.r.t. the equator) and the longitude’ ‘(w.r.t. an Earth-
fixed reference meridian: the 0° meridian crossing Greenwich)patemeters
Iy, "J.m and 4, " are scaling and orientation coefficients of the gravity field
model, respectively.,ds about 1082x18 whereas the other J values are 3§10

When developing a specific term of the gravity field potential, strisngly
recommended to develop the Legendre function or potential as function of the
general argument “x” first, and substitute the actual argumani’“at the very
end.

The (infinite long) series expansion, with different "frequenciesietermined
by the Legendre polynomial/function, is best compared to a Fourier &eries
describe an arbitrary signal.
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Gravity field Earth (cnt’d)

» examples of gravity field n I
coefficients: NASA's EGM96 [106]
[Lemoine et.a'/. 1998] 2 1082.6267

« zonal terms (/e., independent
of longitude A) 3 -2.5327

« other terms O(10%)

« 1st order: central force only 4 -1.6196
(accurate to 0.1%)

5 -0.2273

5 , . ,
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See previous sheet for role of degree "n”, order "'m” and coefficign{’”EGM
Is the abbreviation of Earth Gravity Model.



Gravity field Earth (cnt’d)

main term:

most prominent irregularity: J, ‘3’12\% @

R Y .
U, = ﬁJ2[ e) P,(sino) TOP
r r VIEW

2,0

3
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J,is about 1082x16 whereas the other J values are @14 is related to the
equatorial bulge, the ring of extra material around the equator &fittle. U, is
the contribution of the flattening of the Earth to the total potentiabUdjsectly
related to the value of)J It can also be written as, |y




Gravity field Earth (cnt’d)

Y7, R, Y .
U, = &J,| —= | RA(sind)
r r
l dz 22 ] d2 7 4
P, = —(1—x = ——(1-2x"+x =
0 = ) 8 )
= li(—4x+4x3) = l(—4+12x2) = —l+§x2
8 dx 8 2 2
u, = uJ Rzr‘s(—1+3sin2§}
2 2 ¢ 2 2
<3 : , :
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J, is about 1082x16 whereas the other J values are Ff10, can also be
written as Y ,,

First develop Pas a function of the general argument “x”, and then substitute
this with the actual argument “sin

In these equations, parameter “x” does NOT represent the x-positom of
spacecraft, but it is a general argument (as in “y=f(x)").



Gravity field Earth (cnt’d)
HEEY N

B
4

rvz 2.0

E ol 300

)
]t
aiftel?

-50 ‘ 0 longitude [deg]
latitude [deq]
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J, is about 1082x16 whereas the other J values are @j10, can also be
written as { . It can be interpreted as potential energy (per unit mass). In this
illustration, it is evaluated at 1000 km altitude. Clearlyjdindependent of
longitude and symmetric in latitude (see equation).



Gravity field Earth (cnt’d)
ake partial derivative w.r.t. direction of interest

__ou 2
T oy
v
¥ ('}J}
au
oz

ou
T
g =_10U
’ r oo
1w
rcoso A

X

- Important: coordinates are taken w.r.t. an Earth-fixed,
TUIl j o co-rotating system! 2

%

Straightforward treatment of gravity field components. Paramet@endi
represent radius (w.r.t. center of Earth), geocentric latitude (w.r.ttoegla
plane) and longitude (w.r.t. Earth-fixed reference), respectively.

Accelerations are derived by taking the derivative w.r.t. a paeautieit

expresses length in the required direction. Since an infinitesimahdesin NS
direction is equal to kgd(angleg in radians, measured along the great circle), the
expression for the acceleration in NS direction contains a scalitay fl/r. In a
similar fashion, an infinitesimal distance in EW direction, a¢rain latituded,

is equal to r coslde (the total length of a latitude circle is equal tOsE)).
Therefore, the expression for EW acceleration contains a scatiiog 1#(r

C0sp)).

When deriving expressions for the accelerations due to a particutaral@rays

develop the Legendre functiong Pand R as a function of the general parameter
“x” first, and not until the very end substitute “x” with the real argohisin §”.



Gravity field Earth (cnt’d)

1 3
U, = uJ R*r? ——+—sin25j
2 Au 2 (] ( 2 2

example 1: acceleration in radial direction due to J.:
a,‘,=—6U2 = 3uJ,R}r" —l+3sin25)
. or 2 2

300
T 200
; AT
< - | longitude [dea]Viechani
TUDelft o = , sk (seaMechanics 18 |
_—_— _— -

2
ac:‘J?[mmls i

Application of recipe on previous sheet. Again, for altitude of 2000 km. Radial
acceleration due tg & independent of longitude, and symmetric in latitude.



Gravity field Earth (cnt’d)
Ph = ud,RZ r3(—%+%sinz5]

example 2: acceleration in latitudinal (i.e. North-South) direction due to J,

= —uJ,R7r*(3sindcosd)

ital Mechanics 19|

TU De Ift -50 o 50 longitude [deg)

Idem. The NS acceleration due taslalso independent of longitude, and anti-
symmetric in latitude. Note: the direction “North-South” is gengrdifferent
from the z-direction, since the former follows the curvature of uhiase of the
Earth, whereas the latter is always pointed along the rotatisrofittie Earth.



Gravity field Earth (cnt’d)

1 3
Uu, = J RZF —+—sin2§j
2 # 2 e [ 2 2

example 3: acceleration in longitudinal (i.e. East-West) direction due to I,

g - 1 oU,
a rcosd 04
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Idem. The EW acceleration due tgslzero, since U is independent of longitude
(it is symmetric around the z-axis, cf. illustration on sheet 14).



Gravity field Earth (cnt’d)

example 4: East — West acceleration due to J,,:
M R, ’ ;

v, = - tdiy - P,,(sin &) cos(2(1 -4, ,))

1 & 1 d 5
P3(x) = WF(I—XJ)} = md—f-(l—3xz+3xa—x6) = e = E.x" ==

d*P,(x) da s 3 )

PL(x) = (1-x*)*? T = (]_XZ)F(EXS_EX) = g = 15(0-x")x
3 : , ,
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This is the most complicated derivation that you can encounter in this case
104 (or what you can expect during an exam....).

When doing such a derivation in an exam, the full derivation should be given
(and not with the ”.....” text as shown here, for the sake of brevity).

First develop Pand R, as function of the general argument “x”, and then
substitute this by the actual argument 83in



Gravity field Earth (cnt’d)

example 4: East — West acceleration due to J,, (cnt'd):
step 4!
Uy, = —puJ;, R r¥15cos’ §siné cos(2(A—4,,))
ou
Apoy = — L e = —30uJ,, R} ¥~ cosdsindsin(2(1-1,,))
e rcosd OA ’ *
STILL TO DO: INCLUDE ILLUSTRATION MATLAB
z : . ;
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This is the most complicated derivation that you can encounter in this case
104 (or what you can expect during an exam....).

When doing such a derivation in an exam, the full derivation should be given
(and not with the ”.....” text as shown here, for the sake of brevity).



Gravity field Earth (cnt’d)

Illustration of role of terms J, ; and J; s: radial acceleration.
White areas indicate larger than average, purple areas indicate less
than average.
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The collection of these (and other) terms can be regarded asioosdotthe
order model of a spherical, radially symmetric Earth. The equibuidige is
represented by the (br J, ,, as depicted in this plot) term, which is the dominant
correction term in the Earth’s gravity field model. The reaVigydield can be
approximated by an (in principle infinite) series of individual term#) w

different characteristics (cf. a Fourier analysis).



Gravity field Earth (cnt’d)

Effect of irregularities in gravity field on satellite orbit:

First-order: linear perturbation on orbital elements due to J, (p =a (1 - e?)):
Aa, =0
Ae,, =0
Ai, =0
AQ, =-3m J,(R,/p)*cosi [rad]
Aw,, =15 J,(R,/p)* (5costi—1) [rad]
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Changes in parameters after one complete revolution of the sasdlited the
central body (Earth). So, no seculgieffect on semi-major axis, eccentricity nor
inclination.



Earth repeat orbits (cnt’d)

Physical explanation of effect flattening Earth (i.e., “The J, Effect”):

perturbed orbit after
passing equator

unperturbed orbit
after passing equator

equator, with extra
mass elements

orbit before passing

equator \
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The net force acting on the satellite when traveling over the Southersgiere
causes the trajectory to be bent in northern directien the inclination of the

orbit increases). When over the Northern hemisphere, the same thing Hayipens
with reverse sigr> the net effect on the inclination is zero, but the orientation of
the orbit has shifted in a western direction (for inclinations smiddé:n 90°, as
sketched here).



Gravity field Earth (cnt’d)

Question 1:

1. What is the definition for the radial acceleration, based on the potential
formulation for the gravity field of the Earth?

2. Derive the general equation for the radial acceleration due to the term (2,0) for an
arbitrary satellite.

3. What is the numerical expression for the radial acceleration due to J, , for a
satellite at 500 km altitude?

4. Make a sketch of this acceleration as a function of latitude (-90°<5<90°).

Data: g, , = 398600.4415 km3/s?; R, = 6378.137 km; J, , = 1082x10
Answers: see footnotes below (BUT TRY YOURSELF FIRST!!)
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ANSWERS(TRY YOURSELF FIRST!!):

1. g=-oUlor

2. 3=3pJ,R2r4(-0.5 + 1.5 sifd)

3. 3=0.0235(-0.5 + 1.5 sth) [m/<]

4. Give sketch. Note: sketch is symmetric wot0°.



Gravity field Earth (cnt’d)

Question 2:

1. What is the definition for the North-South acceleration, based on the potential
formulation for the gravity field of the Earth?

2. Derive the general equation for the North-South acceleration due to the term
(2,0) for an arbitrary satellite.

3. What is the numerical expression for the North-South acceleration due to J, , for
a satellite at 500 km altitude?

4. Make a sketch of this acceleration as a function of latitude (-90°<5<90°).

Data: g, , = 398600.4415 km3/s?; R, = 6378.137 km; J, , = 1082x10
Answers: see footnotes below (BUT TRY YOURSELF FIRST!!)
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ANSWERS(TRY YOURSELF FIRST!!):

1. g,=-1/r xoU/5d

2. as=-3pnJ,R2r*sind cod

3. 3,5=-0.0235 sid cod [m/s?]

4. Give sketch. Note: sketch is anti-symmetric we0°.



Gravity field Earth (cnt’d)

Question 3:

1. What is the definition for the radial acceleration, based on the potential
formulation for the gravity field of the Earth?

2. Derive the general equation for the radial acceleration due to the term (3,0) for an
arbitrary satellite.

3. What is the numerical expression for the radial acceleration due to J;, for a
satellite at 500 km altitude?

4. Make a sketch of this acceleration as a function of latitude (-90°<5<90°).

Data: g, , = 398600.4415 km3/s?; R, = 6378.137 km; J; = -2.53%10¢
Answers: see footnotes below (BUT TRY YOURSELF FIRST!!)
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ANSWERS(TRY YOURSELF FIRST!!):

1. g=-oUlor

2. 3=4puJ;REr%(2.5si¥s — 1.5 sid)

3. 3=-6.80x1 (2.5 sirtd — 1.5 sid) [M/<]

4. Give sketch. Note: sketch is anti-symmetric woe0°.



Gravity field Earth (cnt’d)

Question 4:

1. What is the definition for the North-South acceleration, based on the potential
formulation for the gravity field of the Earth?

2. Derive the general equation for the North-South acceleration due to the term
(3.0) for an arbitrary satellite.

3. What is the numerical expression for the North-South acceleration due to J;, for
a satellite at 500 km altitude?

4. Make a sketch of this acceleration as a function of latitude (-90°<5<90°).

Data: g, , = 398600.4415 km3/s?; R, = 6378.137 km; J; = -2.53%10¢
Answers: see footnotes below (BUT TRY YOURSELF FIRST!!)
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ANSWERS(TRY YOURSELF FIRST!!):

1. g,=-1/r xoU/5d

2. as=-nLJR2r>® (7.5 sirfd cos - 1.5 cos)

3. ay5=1.70x1CP (7.5 sirtd coS - 1.5 co$) [m/<]

4. Make sketch. Note: sketch is symmetric wWoesD°.



Earth repeat orbits

What?

The ground track of the satellite repeats after a certain period (/.e.,
the satellite overflies a particular spot on Earth exactly after a
certain time interval)

Why?

e To have exactly the same viewing geometry of a target on Earth

¢ To be able to correlate sea-level observations taken at one and
the same point on Earth

How?
Use of J, effect

'i-‘u Delft AE2104 Flight and Orbital Mechanics 30|

The ground track of a satellite is the succession of sub-satellites §a., the
projection of the satellite position on the surface of the Earthy@dtitirops out).

Raw sea-level observations need to be corrected for many phenomena, such as
local tides, effects of local sea-floor geometry, etcetera.éialuated at a

single, well-defined spot, systematic errors in such correctionsireil out

(whereas they can introduce errors when comparing observatiags3f km
distance).



Earth repeat orbits (cnt’d)
satellite period Earth-repeat Sun-synch.
Skylab 1973-1974 no no
GEOS-3 1975-1978 7 no
Seasat 1978-1978 yes no
Geosat 1985-1990 yes no
ERS-1 1991-2000 yes yes
TOPEX/Poseidon 1992-2005 yes no
ERS-2 1995-2003* yes yes
GFO 1998-2008 yes no
Jason-1 2001-current yes no
ENVISAT 2002-2012 yes yes
ICESat 2003-2009 yes no
_lffu De Jason-2 2008-current yes no Lanics 31
= Cryosat-2 2010-current yes no =

Overview of satellites equipped with altimeter instruments. Not&aneilies”
Seasat - Geosat - GFO, ERS-1 — ERS-2 — ENVISAT, and TOPEX/Poseidon —
Jason-1 — Jason-2. Satellites in red are US, satellites in geeBur@pean. GFO
is the abbreviation for Geosat Follow-On. Examples of other sateflitesrth-
repeat orbits (but not necessarily equipped with an altimeter instur8étDS,
Cartosat, Sentinel-3.



Earth repeat orbits (cnt’d)

Req 1: ground track repeats after j orbital . /
revolutions and & “days” / U

Req 2: effects are measured w.r.t.

Earth’s surface

approach: consider effects on position where satellite crosses equatorial plane
in S-N direction (in Earth-fixed coordinates!)

T . .
Al = -2rx ™ [rad/rev] (contribution of Earth rotation)

E

3z Jy R2 cosi TR
Aly = —==227¢ 720 [rad/rev] (contribution of J,)
2 2+2
(=) I ord 0
JIAL +ALy| = k2x e
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“L” is longitude: measured in co-rotating Earth-fixed referemeent, positive in
Eastward direction.

Verify direction of shift in plot and definition of signs in equations.
Eccentricity ~0 holds for 95% of actual spacecratft.

T is the orbital period of the satellite [s iE the rotational period of the Earth
(sidereal day, [s]).

Effect AL,: cf. expressions on sheet 24.




Earth repeat orbits (cnt’d)

[[[]]

Reﬁnements: orbit 2 orbit 1 orbit 1 orbt 1 orbit 1
day 1 day 3 day 2 day 4 day 1

« effect of J, on © and 0 (treated in ae4-878)

« effect of terms other than J, on &, ® and 0

+ effect of atmospheric drag

Neither of these aspects treated here
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Earth repeat orbits (cnt’d)

21+a” /i 3rdp Re2 cos(i)

jl—2r =k2r
> a? (1- e’ )2
Usual assumption: e = 0
Possible solution strategies:
1. assume i - a(i) (iterations needed)
2. assume a - i(a) (direct solution)
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The value for “k” follows from the top-level requirements. The valué€jfas a
reasonable guess, knowing that the real satellite is expectgdctafa certain
altitude. What are the options for (a,e,i)?



Earth repeat orbits (cnt’d) (3,k)=(14,1)

a=7200km:
27072003 /3986004415 371082x10706378.1372 cos(i)
14|27 - P 125
86164 7200” (1-0%)
= i=472°
a=7300km:
27473003 /3986004415 371082x10~06378.1372 cos(i)
14|-2x - 3 35 =1x2x
86164 73004 (1-07)
= i=119.5°
a=7500km:
ii| 5 2724/75003/398600.4415 371082105 6378.137 cos(i) | i
86164 75002 (1- 0%)2
7 = cos(i) =—3.06; no feasible solution
TUDelft AE2104 Flight and Orbital Mechanics 35|

3 examples for (j,k) = (14,1). Here we follow the approach of assuming a value
for the semi-major axis, and solving for inclination. Can we ideptfysible
combinations (a,i) (eccentricity e is assumed to be 0) that sttesfy
requirements?



Earth repeat orbits (cnt’d)

1-day repeat orbits

. 1 |
F 120 {— e /I /‘ -Gz

n +(131)
Y f / y 4 (14.1)
] 1

0 o T T T 3

6900 7100 7300 7500 7700 7900 8100
a [km]
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Examples for zero-eccentricity orbits, with a 1-day repeat cycheglder altitude
corresponds with a longer orbital period, which means less revolutionsyper da
Circular orbits: altitude is semi-major axis minus Earth radius (637&t3.7

The black stars indicate the two possible solutions as derived on the previous
sheet.



Earth repeat orbits (cnt’d)

3-day repeat orbits

¥ 7 7 F | ]
o /

(413

+, (424
; : . : : - (43,3
6900 7100 7300 7500 7700 7900 (44.3)
a [km]
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Examples for zero-eccentricity orbits, with a 3-day repeat cydeglder altitude
corresponds with a longer orbital period, which means less revolutionsyper da
Circular orbits: altitude is semi-major axis minus Earth radius (637&m3.7
Clearly, going from a 1-day repeat period to a 3-day repeat peri@agss the
range of options. Compare some lines with the plot on the previous sheet: 45
revolutions in 3 days is exactly identical to 15 revolutions in 1 day....



Earth repeat orbits (cnt’d)

Example 1:
ERS-1

Mission purpose: Earth
observation (instruments: SAR,
altimeter, ...)

Launch date July 17, 1991

Retired March 10, 2000

Altitude ~780 km

Semi-major axis ~7158 km

Eccentricity ~0 [Dutchspace, 2010]

Inclination 98.52°

Repeat period reference orbit 35
TU days AE2104 Flight and Orbital Mechanics 38|

ERS-1 is the abbreviation for European Remote-Sensing satellitewBSA
extremely proud of this one, it’s a classical one!



Earth repeat orbits (cnt’d)

ERS-1: e=0, k=35, j=495,...,505

| 3 2 .
E27r a lu 3wy Re" cos(i) ko

jl=2
TE a?(1-e?)?
repeat orbits ERS-1

180 — - (495,35)

150 j + (496,35)

— 120 I (497,35)

B V3 (498,35)

% 90 + (499,35)

£ 60 » (500,35)

30 - (501,35)

5 - (502,35)

0 i . ; - ‘ - (503,35)

6900 7100 7300 7500 7700 7900 (504,35)

& a[km] (505,35)
TUDelft —— s 391

In standard configuration, the repeat period is 35 days. The repeat imgerval
typically traded against geometric resolutiae.{the distance between
neighboring ground tracks).



Earth repeat orbits (cnt’d)

ERS-1: e=0, k=35, j=498,...,502

repeat orbits ERS-1
104 - -
/ # y y
{08 b P, J |-+ (498,35)
- / P, B i (499,35)
o o Vi - (500,35)
- / - s
o P F # ~- (501,35)
- . Py # -+ (502,35)
98 / s :
/ i ¥ 4 o reality
4 _
96 T I‘ T T
7150 7160 7170 7180 7190 7200
a[km]

%
TUDelft

AE2104 Flight and Orbital Mechanics
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Zooming in on plot on previous sheet-brder estimate misses real value by

about 2 km



Earth repeat orbits (cnt’d)

Example 2:
Geosat Follow-On (GFO)

Mission purpose: observation
sea-state

Launch date February 10, 1998

Retired October 2008

Altitude ~784 km

Semi-major axis ~7163 km

Eccentricity ~0

Inclination 108.0448° [NASA, 2010]

Repeat period 17 days
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Earth repeat orbits (cnt’d)

GFO: e=0, k=17, j=238,...,248

3 2 .
; _2ﬂ27r a lu B 37rJ22Re ;o;(z) —kx
Tg a“(1-e”)
repeat orbits GFO
180 PRI - (238,17)
&5 4 i . (239,17)
(240,17)
- el (241,17)
= 904 - (242,17)
£ 504 . (24317)
20 | - (244.17)
- (245,17)
0 - ' ‘ - - - (246,17)
6900 7100 7300 7500 7700 7900 (247 17)
fuDelit akm] 24817)| 42

42



Earth repeat orbits (cnt’d)

GFO: e=0, k=17, j=243,244,245

repeat orbits GFO
110 5 1
/ /
! /
S 4 J ; —(243,17)
2 108 J g | ¢ - (244,17)
o ] J + (245,17)
i 4 / ¢ reality
. d
106 : [ —*
7140 7160 7180 7200
a [km]
<3 : . .
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Zooming in on plot on previous sheet-brder estimate also misses real value
by about 2 km... Agreement w.r.t. reality is comparable with that of ERS&rhe

orbit altitude—> more or less the same additional disturbances of perturbations,
drag, ...).



Earth repeat orbits (cnt’d)

Question 5:
The following equation describes an arbitrary Earth-repeat orbit:

527 @ lu 3rJyRAcosti) | o
TE a?(1-e?)?

a) Consider the situation where the semi-major axis has a value of 7300 km,
j=41 and k = 3. What is the required inclination for the satellite to be in
a circular Earth-repeat orbit?

b) Consider the situation where the semi-major axis has a value of 7300 km,
j =42 and k = 3. What is the required inclination for the satellite to be in
a circular Earth-repeat orbit?

c) What is the orbital period of a satellite with a semi-major axis of 7300
km?

d) What is the repeat period of the situation of question (a)? What is it of
question (b)? How do you explain the difference?

j —

5
TU Data: g, ., = 398600.4415 km¥/s?; R, = 6378.137 km; J, = 108210
Answers: see footnotes below (BUT TRY YOURSELF FIRST!!) |

ANSWERS(TRY YOURSELF FIRST!):
a) i=24.0°

b) i=119.5°

c) T=6207 s=103.45 min.

d) Question a): [ea= 4241.6 min = 70.69 hr = 2.9455 days. Question b):
Trepear= 4345.0 min = 72.417 hr = 3.017 days. Earth’s flattening has opposite
effects on orbits with inclination < 90°,(3recession acts in Westward
direction) and orbits with inclination > 90°,(drecession acts in Eastward
direction).



Sun-synchronous orbits

What?
The orientation of the satellite orbit follows the direction towards
the Sun

Why?
The satellite will encounter the same pattern of lighting conditions

throughout an orbit, both on the satellite as well as on targets on
the Earth

How?
Use of J, effect

'i-‘u Delft AE2104 Flight and Orbital Mechanics 45 |

Having a satellite in a Sun-synchronous orbit does NOT mean that it is in
constant sunlight throughout its mission!



Sun-synchronous orbits (cnt’d)

pink: inertially stable

21/09

Orientation of orbital plane remains approximately
constant w.r.t. direction to Sun (ignoring north-south
motion Sun, effects of eccentricity of Earth orbit, etc.)

Note: effects are measured w.r.t. inertial reference system ___ |
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Inertially stable orbit: no perturbations, so no changes in orientation. Sun-
synchronous orbit: effect is fully due ta J



Sun-synchronous orbits (cnt’d)

1
TUDe

Fhanics 47 |

satellite period Earth-repeat Sun-synch.

Skylab 1973-1974 no no
GEOS-3 1975-1978 ?? no
Seasat 1978-1978 yes no
Geosat 1985-1990 yes no
ERS-1 1991-2000 yes yes
TOPEX/Poseidon 1992-2005 yes no
ERS-2 1995-2003* yes yes
GFO 1998-2008 yes no
Jason-1 2001-current yes no
ENVISAT 2002-2012 yes yes
ICESat 2003-2009 yes no
Jason-2 2008-current yes no

2010-current yes no

Overview of satellites orbiting Earth in Sun-synchronous orbits. Note the
“families” Seasat - Geosat - GFO, ERS-1 — ERS-2 — ENVISAT, and
TOPEX/Poseidon — Jason-1 — Jason-2. Satellites in red are UStesatelfjreen
are European. GFO is the abbreviation for Geosat Follow-On.



¢ b
Sun-synchronous orbits (cnt’d)
always:
Q = AQ,, = 37[.]2(&*} cosi—
T P
with:
3
a
ro= 2z ; Sun-synchronous orbits
requirement: 104
a - 2_;1- 7 102
Tys 2 100
g
98
lst d . _ 0 96 T T T T T
oraer: e = 6900 7100 7300 7500 7700 7900 8100
afkm]
3 : , ,
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Direct, 1-on-1 relation between semi-major axis and inclination.

T is the orbital period of the satellite [s}; iB the length of a sidereal day [sksT
is the orbital period of the Earth around the Sun [s].

Again, compare with equations on sheet 24.
Note: inclination is always larger than 90°.



Sun-synchronous orbits (cnt’d)

Example:
ERS-1

Launch date July 17, 1991
Retired March 10, 2000
Altitude ~780 km
Semi-major axis ~7158 km
Eccentricity ~0

Inclination 98.52°

Repeat period reference orbit 35
days [Dutchspace, 2010]
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ERS-1 is the abbreviation for European Remote-Sensing satellite.



Sun-synchronous orbits (cnt’d)

2
d—Q=—37rJ2 Re 3 cos(i)L %:2_71'
dt a(l—e%) 27\ &> TES

ERS-1: e=0, a=6378.137+780=7158.137 km = i = 98.52°

|—Sun-5ynchr0nous * ERS-1|

98.8

©
et
P

inc [deg]

w0
[o5]
o

5
TUDelft a [km] 50

7150 7160 7170 7180 7190 7200 |7/ |

No significant difference.



Sun-synchronous orbits (cnt’d)

Question 6:
a) What is the main characteristic of a Sun-synchronous orbit?

b) The parameters of a Sun-synchronous orbit have to satisfy the
following equation:

2
d—Q=—3;’rJ2 ke 3 cos(i)L %=—2ﬁ
dt a(l—e?) 27N> TES

Derive an equation for the semi-major axis as a function of
inclination (assume a zero eccentricity).

c) Make a sketch of the inclination as function of the semi-major
axis.

Data: Meawn = 398600.4415 km3/s%; R, = 6378.137 km, J, = 1082x10

TULC

[ Answers: see footnotes below (BUT TRY YOURSELF FIRST!!) —

ANSWERS(TRY YOURSELF FIRST):

a) The orientation of the orbital plane w.r.t. the direction towards the Sun is
constant over time.

b) &°=-(3/41) I, R2 sqrt) Tegcos(i)

c) a=(-2.0936 x 18 cos(i) )3°[km] = make table with some numbets
sketch



Earth-repeat and Sun-synchronous

Earth —repeat: i | AL + AL, ’ =k2r
aQ _AL, _2r
dt T ]WES

,.

or:

3
J'T( —Lj=k = a(j, kT, T, 1) (sinceT=27r\ﬁ)
TES H

2
finally: -37J, R, 5 cos(i) l=2_7r =
a(l-e”) ' Ty

Sun — synchronous:

‘=-3|'—‘
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Direct, 1-on-1 relation between semi-major axis and (j,k) combination;
inclination follows directly from solution for semi-major axis.

T is orbital period of satellite [s];clis the length of a sidereal day [skglis the
orbital period of the Earth around the Sun [s].

Again, compare with equations on sheet 24.



Earth-repeat and Sun-synchronous
(cnt’d)

3-day repeat + Sun-sync orbits

104 = = - = +(37.3)

| . ; . . 2 (38.3)

o 102 = : : 2 / (39,3)

= g 3 i ~ - a

% 100 — T (40.3)

= et R

~ 98 T 5 5 2 v + (42,3)

= k r: N % - (43.3)

96 T T . v # (44.3)

£900 7100 7300 7500 7700 7900 (45.3)

a [km] s Sun-sync
3-day repeat + Sun-sync orbits
1o *(37.3)
o 102 * (38.3)
E’ (39.3)
= 100 .. . X (40,3)
£ - ®(413)
+(42,3)
96 - - : . - -(43,3)
6900 7100 7300 7500 7700 7900 —(44.3)
ﬂ a [km] (45.3) ,
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Direct, 1-on-1 relation between semi-major axis and (j,k) combination;
inclination follows directly from solution for semi-major axis.



Earth-repeat and Sun-synchronous

(cnt’d)

ERS-1: e=0, k=35, j=498,...502:

repeat + Sun-sync orbits ERS-1

104 - -
/ e P ;|- (498,35)
102 P ¢ J (499,35)
B ‘/ ¥ by / + (500,35)
S, 100 /] $ = (501,35)
2 / = 4 & P - (502,35)
98 £ i 7 £ — Sun-sync
X 7 . / o reality
96 T T’ T 1
7150 7160 7170 7180 7190 7200
a [km]

3
TUDelft

AE2104 Flight and Orbital Mechanics

54 |

Direct, 1-on-1 relation between semi-major axis and (j,k) combination;
inclination follows directly from solution for semi-major axis.



Earth-repeat and Sun-synchronous
(cnt’d)

Question 7:

a) Derive an equation for the semi-major axis of a
satellite orbit that satisfies requirements on Earth-
repeat and Sun-synchronous orbits simultaneously.

b) Compute the value for the semi-major axis for such
an orbit for the Earth-repeat conditions (43,3).

c) Compute the corresponding orbital inclination.

Answers: see footnotes below (BUT TRY YOURSELF
FIRST!) —
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ANSWERS TRY YOURSELF FIRST):
a) See 3-previous sheet.

b) a=7158.748 km.

c) i=98.53°



Geostationary orbit  coess

Main characteristics:

+ T=23"56"4° > a =42164 km

GOES-9

ce=0
Meteosat-5
s i=0°
GMS-5
GMS-5
[NASDA, 2011] Fengyun-2
i [UCAR, 2011]
ffu Delft AE2104 Flight and Orbital Mechanics 56 |




. . s
Geostationary orbit (cnt’d)
effects of gravity field on geostationary satellites:
J2,0° Jp,0!
&Y U, = -E[JM [5] P, (sin8) cos(2(A - 4,.,))
Uy = ~£{J2 (Aj P“,(simi)] r r
r F
: Pat) = (-xpr S0
B = —L 4wy ' &
: (=2) 2! dx?
1 d’ 232
B(x) = (_2)2 Z!W(I_X)
% , , :
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Straightforward application of recipe.



Geostationary orbit (cnt’d)

effects of gravity field on geostationary satellites:

R, = 6378 km, r =42164 km 2> R 2/r*=1.3 x 10" km
w’r
)0t J2,2°
Value: 1082.6 x 106 Value: 1.816 x 10
sat. 5
Important? yes Important? yes
9 a1
% , | ,
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The J contribution is important for the exact determination of the altifade
which the orbital period is equal to the length of a sidereal day (cenhpa@an
unperturbed Kepler orbit, the difference is about 500 m...... ): the value of the
semi-major axis “a” has to be chosen such that there is equilibriunedretive

centripetal acceleration?r and the physical accelerations “g” (due to the central

gravity field of Earth) and 3,’ (the radial acceleration due t9).1J, ,is
important for station keeping (see next sheets).



Geostationary orbit (cnt’d)

J, , effect: constant East-West acceleration on GEO satellites (i in [deg]):
a,=-1/(r cosd) (0U,,/03) =-6 p J,, R2 r* cos & sin 2(h-h,,)) =
-5.6 x 108 sin (2(1+14.9)) [m/s?]

AV budget [m/s/yr]:
e Jy,t 1.7 sin (2(4-75))
* Sun + Moon: 51.4
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J, ~effect is in many cases ignored for LEO satellites, bueisiehtary for GEO
spacecraft (note opposite direction of acceleration and effect;) Wit
defines equilibrium points? What defines stability/instability of Eopiiim
points? Can we ignorg 3 Here, the effect of,Jin along-track direction is
evaluated only; it of course has a full, 3-dimensional effexh @f X,y,2).



Geostationary orbit (cnt’d)

Question 8:

1. What is the definition for the East-West acceleration, based on the potential
formulation for the gravity field of the Earth?

2. Derive the general equation for the East-West acceleration due to the term (2,2)
for an arbitrary satellite.

3. Compute the orbit radius of a geostationary satellite.

4. What is the equation for the East-West acceleration due to J,, fora
geostationary satellite?

5. What are the locations of the equilibrium points?
6. Are these stable or unstable?
Data: ig,, = 398600.4415 km3/s?; Ty = 23056™4%; ], , = 1.816x10; 1, , =-14.9°.

Answers: see footnotes below (BUT TRY YOURSELF FIRST!!) ——
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ANSWERS(TRY YOURSELF FIRST!!):

& = -1/(r cos) x oU/oA

aw = -6 L, RZ 1 €0S3 sin (2¢-1,,,))

leeo = 42164.14 km

&y =-5.6 x 1@ sin (20.+14.9)) [m/9]

Located at -14.9°, 75.1°, 165.1° and 255.1°. (East longitude)
Stable: 75.1° and 255.1°; unstable: -14.9° and 165.1°.

S e o



