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Recap

* So far, for symmetric beams, we have:

- Looked at internal shear force and bending moment
distributions

» Determined normal stress distribution due to bending moments
- Determined shear stress distribution due to shear force

* Need to determine deflections and slopes of beams
under load
 Important in many design applications
- Essential in the analysis of statically indeterminate beams

] 2
TUDelft



Deformation of a Beam

Assumptions

|

Shear deformation

R/

Negligible (for long beams)

Bending Deformation = S@D’e@ + Moment Deformation
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Deformation of a Beam
Assumptions

 For long beams (length much greater than beam
depth), shear deformation is negligible
* This is the case for most engineering structures
» Will consider moment deformation only in this course

» Recap of sign convention
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Deformation of a Beam

Visualizing Bending Deformation
Elastic curve: plot of the deflection of the neutral axis of a beam

1 r;

ID
How does this beam deform? l i l
(a) Al C | D
% C F Fy /)
We can gain insight into the
deformation by looking at the M -
bending moment diagram 0 _ A 'z
‘ N ﬁ“*\:,-// Moment diagram
M M
B Ar D
i L E
M M A Inflection point
And by considering boundary Flastic e
conditions at supports Qualitatively can determine elastic curve!
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Moment-Curvature Relationship

undeformed
position

\\\}\

V(z) = vertical deflection at z
dv

A(z) =slope at z = (—j

dz
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Moment-Curvature Relationship

For small d6: ds=R-dé@
_1_gdo
7 s R ds
curvature
— Forsmallo: ds= az ~ dz
cosd
a0 _9(a) _an
"R dz dz dz>

cosd —>1

when @ is small

~—

(negative sign a result of sign convention)
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Deflection by Method of Integration

2
M =-E1 LY
g dz
ﬂ=—i_[M -dz=40
dz El

§
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Lets consider a prismatic beam

(ie: El = constant)

Indefinite integrals result in
constants of integration that
can be determined from
boundary conditions of the

problem Constant of integration

ie: jz-dz:%zz@/



Determining Constants of Integration
Support Conditions

D <
n
o O
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Determining Constants of Integration

Continuity Conditions
Deformed
> Z
a 1P b /shape
tc Discontinuity at z = a
A 5 A
o —% ~ R
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Determining Constants of Integration

Symmetry Conditions

P
C

——

—%
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» Symmetry implies reflection of
deformation across symmetry
plane

° Vis equal
* 0O is opposite

 Continuity implies equal
deformation at symmetry plane

° Vis equal
* 0 is equal

"0, =0



Procedure for Analysis

Deflection by Integration

» Draw a FBD including reaction forces
* Determine V and M relations for the beam
* Integrate Moment-displacement differential equation

 Select appropriate support, symmetry, and continuity
conditions to solve for constants of integration

» Calculate desired deflection (v) and slopes (0)
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Example 1a

Problem Statement q
Determine the deflection and slope V% vy bbb by v v bbby y  El
at point B in a prismatic beam due % —
to the distributed load q Z A L B
Solution
1) FBD & Equilibrium p—
>z Y F=0=R,
q
MAG E =0=R L=R, =qL
R A\ 4 \ 4 A 4 \ 4 \ 4 A 4 A 4 A 4 A 4 A 4 A 4 A 4 \ 4 \ 4 A 4 Z — p— y -_— q : y p— q
A
L L
R, ZM;W+:O:MA+qL5:>MA:—qT
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Example 1a 5 : \/EI
Solution Z A 1 B
2) Determine MandV @ z
(=) y

gV

T+ _qL2/2
Y F=0=qL-0z-V =V =q(L-2)

2

2 2
ZMZCCV” =0=M +£—qu+qu: M =g Lz—L—Z—
2 2 2 2
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Z EI
Example 1a Z .
Solution 2 A L B
3) Boundary Conditions
Atz = 0:
v=0, v =0
Y
Two boundary conditions
dv

Thus can solve by integrating: M =-El —-

dv_ 1
;== M
dz El
] | |
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V' A 4 EI
Example 1a é .
Solution Z A L B
4) Solve Differential Equation ] ]
oy 2 : __9 g9
d’v _ 1£_q; +qu—%j M == +glz—=

dz> El
J Boundary Condition
_ 3 2 2 j
ﬂ:_l(_qz qLz” gtz 9 BC: Atz=0,0=0

=>C1=0

dz El )
gvl(qz“ gLz’ gL'z’ 0] BC: Atz=0,v=0

w6 a4 +§72

=> CZ = 0
2
Z dv Z
V=P _(2_4lz460)| |0=—=—T(22-3Lz+30)
24El dz 6El
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Example 1a
Solution

5) Calculate slopes and deflections
Determine deflection and slope at B:

2
Z
v=_X (22 -4Lz+6L°) 9=q—(22—3Lz+3L2)

24 El 6El

gL’ gL’

Ve =V T 57 0. =60 , =——
8EI B (z=L) 6EI
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Relating Deformation to Loading
Shear Force-Moment Diagram Relationships

* Recall from Statics
(refer to Hibbler Ch. 6.2 for refresher, but be careful of coordinate system)

+W dV —

A —=-W
\l\ dz TN\ d4V _ W(Z) — Vrm
+M<‘ (+) l)w ‘Z_M:V dz* El
V4

+V +V d3V _ _V(Z)

dz’ El
Moment-Curvature

Relationship (Eq. 10.1) d_2V _ M (z) — "
d?v dz’ El
M =-El —

—— A
=V

dz
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Example 1b

We can also solve Example 1 in an
alternative way:

penmeeson (Y _wD)
¢ @ E

= =V
—EIV"=-qz+C, = V(2) dz’ El
| g ) dv. M(2)

—EIv”=—q%+Clz+C2 - M(2) dz>  El

A

’ qz3 Z2
—EIV' = —?-FCI ?+C22 +C3 = —e(Z)EI

We have 4 unknown
f ; » constants of integration,
Z
_Elv=_9% +C, —+C Z ca+C, thus need 4 BCs
24 6 2
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VV \ 4 \ 4 \ 4 \ 4 \ 4 \ 4 \ 4 \ 4 \ 4 \ 4 \ 4 \ 4 \ 4 \ 4 EI
Example 1b é .
Aa B
We can also solve this problem an j L ;
alternative way: ) -
Boundary Condition:
~ENV"=-qz+C, = V(2) Atz=L,V=o0
C, =C,=qL
. qz
—Elv :—7 2+C, = M(z) Atz=L,M=o0
L2 L2
C, =C,=- —q—+qu -
/ 2 2
3 2
, 4 L L
—EIv:—q +OI zz—q—z+C3:-e(z)EI Atz=0,0=0
6 2 2
=C,=0
] _ .
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Example 1b

We can also solve this problem an
alternative way:

Boundary Condition:

4 2
Elv=-F +q|'z3—£22+0+c4 Atx=0,v=0
24 6 4
=C,=0
2
v=—E_(2-4lz+6l)|  |v=0=—T-(22-3Lz+30)
24El 6El

Same result as before!

5
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Example 2 e . qu
FI

Determine deflection and é vy v v » ap
slope at B: é " .
rry L
EIV _q - _W(Z) < >
I g We will apply Approach 2
-ElV"=-qz+C, = V(2)
| g ) Exact same differential
Z .
ENv'=—F¥ iczeC, - M equations as before!!
I /3 52 What makes the
_EIV = _q?+cl ?—I—CZZ +C, = -0(2)EI problem different?
f 3 2 Boundary Conditions!
qz
—Elv=——"-+C, —+C —+C,z2+C,
24 6 2
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Example 2 |
p ?V \ 4 \ 4 \ 4 \ 4 A 4 A 4 \ 4 A 4 \ 4 A \ 4 EI
% L
Determine deflection and ZIN ] B
slope at B: « .
Boundary Condition:
—-EWV"=-0qz+C, = V(2) Atz=L,V=qL
) o = C, =2qL
:
, 7 EI
7 EI Z |
é A L B\/ & A L 5
2qL
qL \qL
\Y% \Y%
/ ’ '
_qL2/2
-3qL?/2
] . .
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> 2 q qL
Example 2 | -

2
% L
Determine deflection and ZIN ] B
slope at B: « .
Boundary Condition:
—ENV"=-qz+C, =VI(2) Atz=L,V=qL
C, = C, =2qL
Oz ‘
—EIlV'=——+29Lz+C, = 1 = =
7 @ 2 (2) Atz=L,M=o0 2 2
C, =C,=- —£+2qu BELC
/ 2 2
Z3 2
_EN =-‘%+qu2 - 30'2L 24C,= B0OE  Atz=0.0=0
=C,=0

]
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Example 2
amp 7 | 1
é S
Determine deflection and ZIN ] B
slope at B:
4 5 Boundary Condition:
TV O PP 2 +0+C, Atz=0,v=0
24 3
=C,=0
qZ2 2 2 r __ qz 2 2
V = —8L Vi=——(2z"-6Lz+9L
e (2 8Lz +18L) =l )
11qL’ 3
Ve = Vo) =5 o1 6, =Vv'_ :%
24 El B =L 3E]
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Example 2

> z q qu > z q
// | EI Y/, EI
Ap B AA B
L L

gL’
2El

0 L
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Example 3

B
\A/I % | C
Determine deflection at C in @’7 (46 .
terms of EI: " 1 L | 2 !
To save time, reactions are provided 3P/2

Since reaction forces act at B (discontinuity), we must split the differential
equation into parts for AB and BC

We can easily see by inspection that:

_ENV"= V :_E (o<z<L)

2

—ElV'=V =P (L<z<3L/2)

Integrate to find M
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Example 3 B

EI\A/I | C
Determine deflection at C: 7 @t 7 .
) T "l
pah L E
Moments: 3p/2

M=—EIV”=—%2+C1 (o<z<L)

M=-ElV'=Pz+C, (L<z=<3L/2)
Moment BC’ s:
Atz=0o,M=0 :>C1:()

Integrate to find 6
Atz=3L/2,M =0 =C, = 3PL
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Example 3 B

El A [ -
Determine deflection at C: @’7 @ ;
_— 124 L 3|P/2 L/2
—EIv’=—;zz+C3 (0<z<L)

—EIv’:gzz—%ZJrC4 (L<z<3L/2)

Slope Continuity Condition:

2
PL +C, =-PL* +C,
4

AtZ=L,9AB=9BC —

Integrate to find v
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Example 3
Determine deflection at C:

Deflections:

—Elv = —% 2> +C,z+C,

E— —EIv=%z3—%zz+C42+C6

Deflection BC’ s:

Atz=0,v=0 =C,=0

PL?
Atz=L,v=0 :>C3:
| 12

> lp
B
El
A s

|

(o<z<L)

(L<z<3L/2) From last slide

2
PL +C, =-PL* +C,
4

2 3
/c P P

6 4
T
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Example 3

Determine deflection at C:

Deflections:
Pz
- = L2 _Z2
e ("7
P 3 2 2
v=—(3L ~10%2+9Lz
12El

PL’
SEI

v(C) =v<32L> -

> lp
B
Sy 2 '
| ’ [ |
ol . | L2
3P/2
(0<z<L)
—223) (L<z<3L/2)
B PL? .
12El ' '
0 0.5 ) 5L
- 0.5T
— 1.5
_r

e
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Example 4

What about beams with a
non loaded free end?

Will it work itself out?

Curved part
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> Z

2
-PL(

What about beams with a 4 L L
non loaded free end? |

Example 4 ET

To save time, reactions are provided P

Moments:

M=-EIlN'=P(z-L) (0<z<L)

M :_EIV”:O (LSZS2L) I/

-PL
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Example 4 » -
-PL (
What about beams with a tA ] C ] B
non loaded free end? | > >
: P
Slopes:
P
—E|V'=522—PLZ+C1 (0<z<L)
—-EIV' =C, (L<z<2L)
Slope BC' s:
AtZ=O,6=O :>C1:O
Slope CC’ s:
. PL*
Atz=L0,c=0p — =77
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Example 4 » £l
-PL (
What about beams with a tA ] C ] B
non loaded free end? | > >
Displacements: P
—EleEZ:;—&ZZ-I—C?, (o0<z<L)
6 2

2
—EIV:—iZ+C4 (L<z<2L)
2

Displacement BC’ s:

Atz=0,v=0 =C,=0
Displacement CC’ s: SE
3 . .
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Example 4 2
-PL (
What about beams with a tA
non loaded free end? |
Displacements: P
2
v:—PZ (z-3L) (o<z<L)
6El
2
V=PL Z—L (L<z<2L)
2EI 3
/ 0
Formula for a straight line!
0.5

No curvature, it does work out!

0

IL

2L
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For next time

LU =Learning unit |refer to blackboard site for learning units)

]
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First Lecture Second Lecture Instruction
Week |Topics Preparation Topics Preparation Assignment Due Date Activity
Introduction MNone Stress, Strain, Hooke's [L.U. 1 {all)
none none no Instruction
31 Law
Axial lozding and L.U. 2 {all Torsion o circular LU 3.1-3.2
L g Al COZ1 18/02/2016 Mock exam 1
3.2 |staticindetermenacy shafts
Torsion of thin-walled |L.U. 3.3 Bending stressesin L.u. a{all) e 25/02/2016 B e ed
| eer gradin
3.3 shafts beams g g
Transverse shear LU.5.1 Shear stresses inthin- |L.U. 5.2
i COZ3 03/03/2016 Maock exam 2
34 ctressesin heams whalled heams
Combined loading L.U. 6 (all} Stress transformations |L.U. 7 {all) ;
: N COZ4 10/03/2016 Peer Grading 2
3.5 & Failure criteria
Eeam deflections by Discontinuity L.U. 8.2-B.3
s : ; COZ5 17/03/2016 Mock exam 3
3.6 |integration LU.8.1 functionsand
statically L.U. 8.9 Heview Mone )
7 ) COZ6 24/03/2016 Peer grading 3
3.7 lindeterminate beams
i [}
3.8
3.9 o






