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C. Extending the 1D solutions

1. Zero-flux boimdary conditions (such as perfectly insulated boundaries)

a, principle:

b. analogy to "method of images" in reservoir engineering

c¢. Specific examples
i. opposide flat sides perfectly insulated (q=0 across surface)

for example, finite cylinder
insulated on top and bottom

T@) is
that for

consider how one could extend solution for finite-width slab . .
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ii. one flat side perfectly insulated (q=0 across surface)

T(r) is
that for

2. "Orthogonal conduction"” - see attached handout from F. M. White,
Heat Transfer, 1984,

Requireme n1§§
« system shape must be orthogonal intersection of shapes of 1D tabulated
solutions (see handout for examples)
+ system must be a uniform T = T at ime t =0
« all surfaces must be changed to same Ty att=>0

Note must use "unrealized temperature change" (C"ll'}-;z) , hot (('I']:l—-TI(‘g_)

Then:
(Cgll_-%g ) for any position in 3D solid is the product of (gf_'%), values for the
i

corresponding position in each of the 1D solutions.

! ! Note: must use "unrealized temperature change" (Tll-gg) , not (q;_TT(’g) '

Please reread the preceding sentence!

Note differences in notation between handout and BSL. Many of these are
corrected by hand in your handout:

handout (White's book) =~ BSL

surface temperature To T

initial temperature T; To
o _ (T-Tp) (T;-T)

dimensionless temperature 0= (TrTo) (T-To)

B.C. at surfaces for t >0 Newton's law of cooling T=T
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Exomple 3, To=300K , T, =4o0oK
Tm?u.:\-we o cader of rectangular steel solid,
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8%0.0p, S=1-86=09H4.

T\ ~-T
For the 2-D probem, Tore = UNOSND(044Y = 042 Ta 2u4q K



3. time-varying boundary conditions: "superposition"
Principles illustrated on homework.

Example: cylinder of infinite length

Define:

Let:

Then

Note this definition of dimensionless T differs from that required for
product method!

Can apply to more-complex BC; to be safe, verify assumptions as in homework
example.

\ T ,(7
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4. an aside: analogous methods in reservoir engineering

- see also Carslaw and Jaegar's book

Can also use "superposition” to derive the solution for a complex, time-varying
boundary conditions from solutions with simpler boundary conditions - this
is principle behind well-testing.

5. recap of unsteady conduction

Method:

1.

2
3.
4

Analyze geometry of solid into its 1D components

. Deal with perfectly insulated surfaces according to rules in XI1.C.2.

Determine position of given point in each of the 1D problems

. If product method applies, then

(ql:p) = product of factors ((('.gl_ip)) for each 1D problem
=10 1-10) ;

. (T1-T) (T-To)
NOTE: Must use (T;-To) ’ not TiTo) for product method

V2. 13
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4. a) Let 01(x,t) be the solution of (96,/0t) = o (9°6,/9x%)
with boundary conditions

1) 6;=1at t=0,-a<x <a © 2) 6;=0atx=a,t>0
3) 6;=0atx=-a3,t>0;
) 61 ax—-a e vneeolized T eMeange " = | et staet)
and let 8,(y,t) be the solution of (96,/0t) = o (3°6,/9y*) © D on sertace
with boundary conditions
1) 6,=1at t=0,-b <y <b 2) 0=0aty=b,t>0

3) 0,=0aty=-b,t>0;

and let 3(z,t) be the solution of (305/9t) = & (3°65/07%)
with boundary conditions
1) 63=1at t=0,-c <z <c 2) 63=0atz=c,t>0
3) 03 =0atz=-c,t>0.

Show that 8(x,y,z,t) = 01(x,t) 8,(y,t) 03(z,t) satisfies
(06/0t) = 0. ((0%6/9x%) + (9°6/0y7) + (96/92%))
with boundary conditions
1) 6=1att=0,for-a <x <a,-b <y <b, ¢ <z <c
2) 6=0atx=a,-b <y <b, ¢ <z <, t>0
3) 6=0atx=-a,-b <y <b, -¢c <z <,t>0
4) 6=0aty=Db,-a <x <a, ¢ <z <c,t>0
5) 6=0aty=-b,-a <x <a,-c <z <, t>0
6) 6=0atz=c,-a <x <a,-b <y <b,t>0
7) 6=0atz=-c,-a <x <a,-b <y <b,t>0.

b) Are 01, 6, and 03 given by the left-hand side of Fig. 12.1-1, or the right-hand side?
Superprsition -
5. a) Let 0;(x,t) be the solution of (96,/0t) = o (9°6,/9x7)
with boundary conditions '
1) =0at t <0,-b <x <b 2) 01=1latx=b,t>0
3) 91 =] atx——b, t>0. Ao (egs T =5 a:t— f‘““:’ﬁh | s 'SU(‘@L’-\QG’S

Show that B(x,t) = 01(x,t) - 81(x,(t-t;)) satisfies (36/0t) = o (3°6/0x%)
with boundary conditions
1) 6=0at t <0,-b <x <b
2) 6=latx=b,0<t<t,
"B=0atx=b,t>1
3) 6=1latx=-b,0<t<ty,
0=0atx=-b,t>1t.
[i.e., the surfaces of the slab are raised to Ty from t =0 to t =t; and then returned

to To fort>1.]

b) Is 6; given by the left-hand side of Fig. 12.1-1, or the right?
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26 26, smee ©, ara I3 4p fo—de e/o on Py 2Te 2%,
& ( * 3 P Dx"-— ’5‘?1" 91_93

264, .

) 20 _ 25, 28, 9o

Ac_cor‘qu h: ~HA¢ dw cdle, €= TE 9.-.93 +Bi5c O+ 0,5
Bt 39'_‘ x 26, agt — 3D, 3@’ a'&g’ )

=% o, YL, o€ T ToEE: 4

0, ot “2le 2 .
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6C 1. a)\’ <= O D=\, G=t, 93:( > @={(-{-l =1 ‘
2: ok xza, 0,50 = ©:0:0.05=0 7 5
3 Oﬁ‘K -, @=0 — &= 091_93 =0 = .
{: ot y=b, B=0 = 629,090 7 ;
i ot y=-b, @, =0 = ©=6,0"85=0 :
6: aXE=C 952D —> ©=5,°9.:0=0 7 i
T: ok €2-C, §,20 = 828,90 =0 g
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B~ 5p=« 514, v(—c({-q:\ == oxz2 — :

&.C.: ) oki=0, B, (81 = O(0V=0; B,(x-%) =0 as well :
86=0-0=0 ) g

7) foe x=b, OLECT,, B, (=1, B8, (&-t)=0;9-1-0=i / i
for x=b, eyt e, =1, 6, (+-t)=l ;,8=1-1=0

3) foc x=-b, ocket, , B =V, 9.{x-t)=0 ;D= 1-0O=! / i
‘?‘o.r ’(f—b, 'ﬁ‘)t. , QL{.'\_;‘,Q. (_{:‘t-\:” ’ Set—t = =0
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