Dynamics and Stability AE3-914

Sample problem—Week 6

Functional with several basic variables and higher-order derivatives

Statement

Find the Euler-Lagrange equation and the natural boundary conditions for the variational
problem

tb Ty
u(z,t)) :/ / F(x,t,u,up, ugy) dzdt (1)
ta Ta
with the essential boundary conditions
w(z,ta) = falz);  ulz,tp) = fio(w), (2)
ou 0%u
where u; = N and ugz; = ol

Variation of the functional

An extremal of the functional is found when the variation vanishes,

tb Ty
oI = / / OF (z,t,u, ut, upg) dedt = 0. (3)
ta Ta

The variation 61 is elaborated as

ty
ol —/ / ((5 + 5ut + oF (5um> dxdt. (4)
ta 8”1‘1}

In order to get the variation of I in terms of that of v only, and not those of u; and uz,,
integration by parts is carried out, paying special attention to the actual integration vari-

able,
ty Ty
5[-/ / a—éudwdt
tq
oF _ ™ by (OF
+/xa <8ut5 a_/ta 8t<8ut> 6udt> dw (5)
b [ oF o T 9 or
+/ta <8um5u$ . — /% 2 <8um> 6uxdx> dt,




in which the last integral is further developed to get

tb Tp
6]2/ / 8—Féudxdt
ta Za au
w (9F | [ 9 [OF
bl oF o o [ OF b ™ 92 [ OF
+/ta D xa— <8a? <aum)(5uxa—/xa M(Buxx)(Sde)] dt.
Regrouping terms one gets
oo [gF 9 [OF 0? oF
ol = — — = | = — | =—— | | dudzdt
/ta / {au ot <6ut)+ax2 <au>} e

Ty F ty
+ / a—(?u dx
Za 8ut

ta
W OF 5 Zy (7)
+/ta g,

dt
(e
ta 8:1? au:m Y

which should vanish to provide an extremal to the variational problem.

OUy

Tp
dt,

La

Euler-Lagrange equation

For the variation (7) to vanish, i.e. I = 0, each of the involved integrals must vanish
separately. For the double integral one has

ty Tp 8F 8 aF 82 aF
/ta /xa {au T ot <8ut> + 922 ((%MH dudzdt = 0. 8)

Since condition (8) must be fulfilled for any variation du, the fundamental lemma of the
calculus of variations provides

OF 0 (0F\, O (0F) o)
Oou Ot \ 0w 0x2 \ Qugy )

which is the Euler-Lagrange equation for this variational problem

Boundary conditions

The three boundary integrals in equation (7) must vanish to ensure that 6/ = 0. The
boundary integral with respect to the variable x,
T OF

a—m(Su

tp
dr (10)
ta

Ta



is developed as

[ OF OF
/za (8ut — ou(z, tp) — 9 - (5u(a:,ta)> dzx. (11)
From the boundary conditions (2)
w(@,ta) = fa(@);  ulz,ty) = folz) (12)
one has
du(x,ty) = 6 fo(z) = 0; du(z,ty) = dfp(x) =0, (13)

because f, and f; are prescribed functions and can, therefore, not experience any variation.
Equations (11-13) together lead to the immediate conclusion

dx = 0. (14)
ta

Za 8ut

The essential boundary conditions (2) thus ensure that the contribution of this integral to
the variation vanishes.

The first boundary integral in (7) with respect to the variable ¢,

Ty

b 9F

—Oug| dt, 15
ta auzz ! Tq ( )
is developed as
b OF oF
Sty (xp, t) — Sug(za,t) | dt. 16
| ( Buss |, Ol = G|t >) (16)

The boundary conditions (2) are not providing any information on the variations
dug(xp,t) and  Oug(xg,t) (17)
now. The only possibility for integral (16) to identically vanish is

oOF
Ougy

oF

=0 d
an D

=0, (18)

r=xy T=xq

which is a set of natural boundary conditions. Imposing these to the solution of (9) ensures
that (16) vanishes and thus

Tp
dt = 0. (19)

Ta

b 9F

ta 3umx

Oy

The same procedure is carried out for the second boundary integral in (7) with respect

to the variable ¢,
/tb 9 (OF N
ta 01 \ QUugy u

Ty
dt, (20)

Ta




leading to

/tb 9 [ oF A
1, | 0 \ Ougy Wb 0x \ Ougy

As in (16), the boundary conditions (2) do not provide any information on the variations

du(xq, t)] dt. (21)

T=xy T=xq

ou(zp,t) and ou(xg,t). (22)

Indeed, boundary conditions (2) are not imposing restrictions to the evolution of the
solution u(z,,t) and u(zp,t) with respect to variable t. The value of u is prescribed for
t =t, and t = t,, but not along the integration domain in ¢. The only possibility for (21)
to identically vanish is

2 oF
o0x \ Qugy

which is one more set of natural boundary conditions. Imposing these to the solution of
(9) ensures that (21) vanishes and thus

/tb 0 ( OF )
— ou
ta 81’ auxx
Summarising, the essential boundary conditions (2) together with the natural boundary
conditions (18) and (23) ensure that the boundary integrals (14), (19) and (24) vanish. To-

gether with the Euler-Lagrange equation (9), it is ensured that the variation 61 expressed
in equation (7) vanishes for the solution of the variational problem.

=0, (23)

T=xq

0 ( oF
=0 and 7 <8um>

T=xy

Tp
dt = 0. (24)

Ta

Conclusion

The Euler-Lagrange equation for the variational problem (1) is

oF 0 (0F 0? ( OF

- _ 2 (== — | = = 2

ou ot <8ut> g <8um> 0 (25)
with the essential boundary conditions (2)

u(z, tq) = fo(x); u(z, tp) = fo(x), (26)

and the natural boundary conditions (18) and (23)

OF 0 [ OF 0 [ 0F
=1 B Ox 8”5{::{; r=x4 N ox 8um

OUgy

OUgy

T=xq T=xy



