Appendix B

Correlation

In this appendix the process of correlation is defined, and its Fourier counterpart is de-
rived.

Definitions and derivations

Here we shall focus on correlation, specifically auto-correlation and cross-correlation, and
relate it to the Fourier transformation. As we shall see, correlation can be written as a
convolution, and in the frequency domain it is a simple operation.

Let us first define the time reversal of a signal a(t):
Arey(t) = a™(—t) (B.1)

where b(t) is allowed to be complex and the asterisk * as superscript denotes complex
conjugate. Normally of course we deal with real time signals. However, by allowing these
signals to be complex it is easier to see their symmetry properties. When we apply a
Fourier transformation to a(t), and take the complex conjugate of each side, we obtain:

A%(f) = UOO a(t) exp(—2rmi fr)dt]

_ / T (1) exp(2mift)dt

—0o0

o0

= / a*(—t") exp(=2mift)dt (B.2)
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which is the Fourier transform of a,ey(t).

Now, the autocorrelation of a(t) is defined as

Bua(7) = / T alt)at (b — 7 dt (B.3)

— 00

Using the concept of the time reverse, equation (B.1), equation (B.3) can be written as

Gaa(T) = / () aren(r — 1) dt (B.4)

— 00

That is, the autocorrelation of a signal is the convolution of the signal with its time reverse.
Equation (B.4) may be transformed to the frequency domain. The convolution becomes
a multiplication and the result is

Pua(f) = AHA(S)
= AP (B.5)

The function ®,,(f) is the power spectrum of a(t) and |A(f)| is the amplitude spectrum of
a(t). Both the power spectrum and the amplitude spectrum are real. The power spectrum
is the Fourier transform of the autocorrelation function.

The cross-correlation function ¢q;(t) is defined as

un(t) = / T ()b (r — t)dr (B.6)

—0o0

which can be recognized as the convolution of a(t) with the time reverse of b(t):
Gab(t) = a(t) * brey(t) (B.7)
In the frequency domain equation (B.7) becomes

Pap(f) = A(S)B*(f) (B.8)

The function ®.(f) is known as the cross-spectrum. Note that the cross-correlation
function and the cross-spectrum do not, in general, exhibit any symmetry. Also, it can be
seen that the correlation of a(t) with b(t) is not necessarily the same as the correlation of
b(t) with a(t), that is:

Pab(t) # dva(t) (B.9)

and

q)ab(f) 7é (I)ba(f) (BlO)
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