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Sums of independent random variables

This lecture collects a number of estimates for sums of independent random
variables with values in a Banach space FF. We concentrate on sums of the
form Ef:/:l YnZn, Where the ~, are real-valued Gaussian variables and the
xn are vectors in E. As we shall see later on such sums are the building
blocks of general E-valued Gaussian random variables and, perhaps more
importantly, stochastic integrals of F-valued step functions are of this form.
Furthermore, they are used in the definition of various geometric properties
of Banach spaces, such as type and cotype.

The highlights of this lecture are the Kahane contraction principle (The-
orem B]), a covariance domination principle (Theorem B) and the Kahane-
Khintchine inequalities (Theorems BT and BT2)).

3.1 Gaussian sums

We begin with an important inequality for sums of independent symmetric
random variables, due to KAHANE.

Theorem 3.1 (Kahane contraction principle). Let (X,,)22, be a se-
quence of independent symmetric E-valued random wvariables. Then for all
ai,...,any ERand 1 < p < oo,

N
IEH 34X,
n=1

Proof. For all (e1,...,en) € {—1,+1}¥ the EV-valued random variables
(X1,...,Xn) and (e1X4,...,eyX ) are identically distributed and therefore
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For the general case we may assume that |a,| < 1 for alln=1,..., N. Then
a = (ay,...,ay) is a convex combination of the 2V elements of {—1,+1}*,

say a = Z?Zl A el Hence,
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where the third step follows from the convexity of the function ¢ — ¢P (or an
application of Jensen’s inequality). a

As an application of the Kahane contraction principle we shall prove an
inequality which shows that Rademacher sums have the ‘smallest’ LP-norms
among all random sums. Rademacher sums are easier to handle than the
Gaussian sums in which we are ultimately interested, and, as we shall see, there
are various techniques to pass on results for Rademacher sums to Gaussian
sums.

Let us begin with a definition. An {—1,+1}-valued random variable r is
called a Rademacher variable if

P{r——1} = P{r = +1} = %

Throughout these lectures, the notation (r,,)$2; will be used for a Rademacher
sequence, that is, a sequence of independent Rademacher variables.

Theorem 3.2 (Comparison). Let (¢,)52, be a sequence of independent
symmetric integrable real-valued random variables satisfying E|p,| = 1 for all
n = 1. Then for all x1,...,xny € E and 1 < p < 0o we have

N
IEJH Z Tn&n
n=1

The proof of this theorem relies on an auxiliary lemma, for which we need
two definitions based on the following easy observation: if X;,..., Xy are
random variables with values in Fi,..., En, then (Xi,...,Xy) is a random
variable with values in £y X --- X Ep.

N
p p
<EH E OnTn
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Definition 3.3. Two families of random variables (X;);cr and (Y;)ier, where
I is some index set and X; and Y; take values in a Banach space E;, are
identically distributed if for all choices of i1,...,iny € I the random variables
(Xiyy - Xiy) and (Yy,, ..., Y ) are identically distributed.

Note that by Proposition T3 if (X;);c; and (Y;);er are families of inde-
pendent random variables such that X; and Y; are identically distributed for
all i € I, then (X;)ier and (Y;);er are identically distributed.

Definition 3.4. Two families of random variables (X;)ier and (Y;) e, where
I and J are index sets, X; takes values in E; for alli € I and Y} takes values in
F; for all j € J, are independent of each other if for all choices i1,...,ip € 1
and ji,...,jn € I the random variables (Xi,,...,X;,,) and (Y;,,...,Y;,) are
independent.

9

Lemma 3.5. Let (¢,,)52 be a sequence of independent symmetric real-valued
random variables and let ()22, be a Rademacher sequence independent of
(pn)22,. The sequences (pn)2 and (rp|en|)2, are identically distributed.

Proof. By independence and symmetry we have

]P{rn|<ﬂn| € B}
=P{rn,=1, ¢, 20, ¢, € B} +P{r, =1, v, <0, ¢, € —B}
+P{Tn =-1, 0,20, ¢, € _B}'i‘P{Tn =-1, o <0, pn € B}
= %P{gpn >0, v, € B} + %P{(pn <0, ¢, € —B}
+3P{pn >0, gn € =B} + 3P{pn <0, ¢n € B}
= 3P{¢n 20, pu € B} + 3P{on > 0, ¢n € B}
+ 1P{pn <0, n € B} + iP{p, <0, ¢, € B}
= P{¢, € B}.
Since (pn)52; and (ry|en])o2, are sequences of independent random vari-

ables, the lemma now follows from the observation preceding Definition B4l
O

Proof (Proof of Theorem [Z4). We may assume that the sequences ()54
and (r,,)5%; are defined on distinct probability spaces {2, and (2,.. By consid-
ering the ¢, and r, as random variables on the probability space 2, x (2,
we may assume that (¢,)°; and (r,)52; are independent of each other.

Since Ey|@n| > 1, with the Kahane contraction principle and Jensen’s
inequality we obtain

N
E T'nln
n=1

p
<E,

p
E,

N
E, Zrn|@n|xn
n=1

p

3

N N
p
< ETEcpH § Tn|§0n|xn = EgaH E Pnn
n=1 n=1




32 3 Sums of independent random variables

where the last identity follows from Lemma B3 O

A real-valued random variable «y is called standard Gaussian if its distri-

bution has density
1
t) = —— exp(—1t?
I5(@) NG p( 2 )

with respect to the Lebesgue measure on R. For later reference we note that
v is standard Gaussian if and only if its Fourier transform is given by

Eexp(—ify) = exp(—3¢°), ¢ €R. (3.1)

The ‘only if’ statement follows from the identity

1 oo
— exp(—iét — 1t?) dt = exp(—1£2
= | (it — ) de = exp(-4¢)
which can be proved by completing the squares in the exponential and then
shifting the path of integration from i€ +R to R by using Cauchy’s formula; the
‘4f” part then follows from the injectivity of the Fourier transform (Theorem
rR).

For a standard Gaussian random variable v we have

1 [ 2 [
Ely| = \/—27/ |t| exp(—$t°) dt = E/o texp(—3t*)dt = \/2/m. (3.2)

From this point on, (v,)52, will always denote a Gaussian sequence, that is,
a sequence of independent standard Gaussian variables.
From B2) and Theorem B2 we obtain the following comparison result.

Corollary 3.6. For all x1,...,xy € E and 1 < p < 00,

N
EH § TnTn
n=1

The geometric notions of type and cotype will be introduced in the exer-
cises. Without proof we state the following important converse to Corollary
B8 for Banach spaces with finite cotype. Examples of spaces with finite cotype
are Hilbert spaces, LP-spaces for 1 < p < oo, and the UMD spaces which will
be introduced in later lectures.

p

P N
< (n/2)% EH > tn (3.3)
n=1

Theorem 3.7. If E has finite cotype, there exists a constant C' > 0 such that
forallxzy,....,xny € E,

N
EH > mtn
n=1

2 ) N 2
<C EH Z TnTn
n=1
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The Kahane-Khintichine inequalities (Theorems BTl and below) can
be used to extend this inequality to arbitrary exponents 1 < p < oc.

The proof of Theorem B7is beyond the scope of these lectures; we refer to
the Notes at the end of the lecture for references to the literature. When taken
together, Corollary Bl and Theorem B show that in spaces with finite cotype,
Gaussian sequences and Rademacher sums can be used interchangeably.

Without any assumptions on F, Theorem B fails. This is shown by the
next example.

Ezample 3.8. Let E = ¢¢ and let (u,)>2; be the standard unit basis of co.

Then
N
EH > Tt
n=1

Next we estimate IEJH 25:1 7”“""c0 from below. First, if v is standard Gaus-

:E( max |rn|) =1.
co 1<n<N
sian, the inequality 1 — z < e™® implies

N
P{ max || <7} =[1-P{]y|>7}]" <exp(=NP{ly|>r}).

For r = %\/logN we estimate

Viog N

P{|y| > 1\/log N} > \/%[ e 3" dy

Viog N

2 log N
> — log N - 5 logN )
Nor ik 2VIogN e 27N

Hence, using the integration by parts formula of Exercise 2]

N
2|3
n=1 €0

- E(1gza<XN h"')

o0
:/0 ]P’{ 1gla<xN|7n|>r}dr

1VIEN
> [T 1= ex(-NP(a]> ) dr
0
1 Nlog N
B [i-o (V55

~ %\/logN as N — oo.

Similar estimates show that the bound &(y/log N) for N — oo is of the

correct order.

We conclude this section with an important comparison result for Gaussian
sums.



34 3 Sums of independent random variables

Theorem 3.9 (Covariance domination). Let (v,)X_; and (7,)52, be
Gaussian sequences on probability spaces 2 and (2, respectively, and let
T1,...,Zn and y1,...,yn be elements of E satisfying

M
$m7 Zyn, 2 Vx*EE*
n=1

m=1

Then, for all 1 < p < oo,

M »
B 32 s
m=1

Proof. Denote by F the linear span of {z1,...,2p,¥1,...,y~n} in E. Define
Qe ZL(F"F) by

p
/
Yn

N M
Q" = Z(yn, 2 VY — Z (Tmy 2 )T z* e F*.
n=1 m=1

The assumption of the theorem implies that (Qz*,z*) > 0 for all z* € F*,
and it is clear that (Qz],z3) = (Qz3, z7) for all 27,25 € F*. Since F is finite-
dimensional, by linear algebra we can find a sequence (xj)jvi By 41 in F such

that @ is represented as

M+k
Qz" = Z (xj,2")x;, 2" €F".

j=M+1
We leave the verification of this statement as an exercise for the moment and

shall return to this issue from a more general point of view in the next lecture.

Now,
M+k

N
Z (T, 2 Z (Yn, 2*)2, Z* e . (3.4)
m=1 n=1

It follows from (Bl that the random variables X := ZMHC YmTm and Y 1=
N
> —1 VnYn have Fourier transforms

Mk
Eexp(—i(X,z")) = H E exp(—ivm (Tm, "))
]7\24»}{: 1 M+Fk
H exp(—= xm, z*)?) = exp <— B Z <xm7x*>2)

m=1

and similarly E' exp(—i(Y, z*)) = exp(—3 SN (4, 2*)2). Hence by @) and

n=1

Theorem Z8 X and Y are identically distributed. Thus, for all 1 < p < oo,
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N
> Vnn
n=1

p

M+k »
|| 3 v =B
m=1
By Proposition EZT0]

M » M+k
] S s <] 35 v
m=1 m=1

and the proof is complete. O

p

3

3.2 The Kahane-Khintchine inequality

The main result of this section states that all LP-norms of an E-valued Gaus-
sian sum are comparable, with universal constants depending only on p. First
we prove the analogous result for Rademacher sums; then we use the central
limit theorem to pass it on to Gaussian sums.

The starting point is the following inequality, which is a consequence of
Lévy’s inequality.

Lemma 3.10. For all z1,...,xx € E and r > 0 we have

N N 5
]P’{H Z Tnn|| > 27“} < 4[]?{“ Z TnZnll > TH .
n=1 n=1

Proof. Let us write S, := Z?:l rjz;. As in the proof of Lemma T8 we put

Ap ={|IS1] <7y ooy Sl <7y 1Sl > )

If for an w € A,, we have ||Sy(w)| > 2r, then | Sy (w)—Sp—1(w)|| > r. Now the
crucial observation is that (r1, ..., rn) and (r1, ..., Tn, "nPnt1, - -y TnTN)
are identically distributed; we leave the easy proof as an exercise. From this
and the fact that |r,| = 1 almost surely we obtain

P(An N{IISy = Sncall > 7}) = ]P’(An ﬁ{ iﬁ%u - 7"})
— (400 { | i%H - )
b (et 3 s> 7))
(

j=n+1

o {fens 3 s> ))
j=n-+1
=P(A, N {||zn + (JSN =S|l >1}),

=P
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and similarly P{||Sy — Sn—1]| > r} = P{||lzn, + (Sy — S»)|| > r}. Hence, by
the independence of A,, and Sy — Sy,

(A N {1Sx]] > 2r}) < P(Aq N {IISw — S|l > 7))
= P(A)P{ln + (Sy — Su)l > 7}
= P(AL)P{|Sx — Suill > r} < 2P(A,)B{|Sw] > 1},

where the last step follows from Lévy’s inequality after changing the order
of summation. Summing over n = 1,..., N and using Lévy’s inequality once
more we obtain

N N
P{ISnll > 2r} = Y P(An N {[ISwll > 2r}) <2 P(A)P{|ISn| > r}

n=1

= 2 I:l
2p{ max [|S,] > rIP{ISI > 1} < 4P{ISn] > 112

We are now ready to prove the following result, which is the Banach space
generalisation due to KAHANE of a classical result for scalar random variables
of KHINTCHINE.

Theorem 3.11 (Kahane-Khintchine inequality - Rademacher sums).
For all 1 < p,q < oo there exists a constant K, 4, depending only on p and
q, such that for all finite sequences x1,...,xn € E we have

N N N !
(EH Z T ) P K,y q (EH Z T'ndn ) “
n=1 n=1

Proof. By Hélder’s inequality it suffices to consider the case p > 1 and ¢ = 1.
Fix vectors x1,...,xny € E. Writing X,, = r,z, and Sy = Zi\;l X, we
may assume that E||Sy|| = 1.
Let 7 > 1 be the unique integer such that 2/~! < p < 27. By successive
applications of Lemma B0 for r > 0 we have

P{ISnl| > 277} < 471 B{ISn | > ).
Chebyshev’s inequality gives rP{||Sn|| > r} < E|Sy| = 1. Hence,

Bl = [ o Pyl > o) d
_ 2jp/oooprp1P{|SN| > 9r)dr
<P /ooo pr L BISw > rH? dr
<Pt [T pr @il > )y ar

< (2p)ra?! / pP{||Sy | > r} dr
0

< (2p)P47 p.
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O

The best possible constants K, 4 in this inequality are called the Kahane-
Khintchine constants. Note that K, , = 1 if p < ¢ by Hoélder’s inequality.
The bound on K, ; produced in the above proof is not the best possible: for
instance it is known that K, ; = 217i; see the Notes at the end of the lecture.

By an application of the central limit theorem, the Kahane-Khintchine
inequality extends to Gaussian sums:

Theorem 3.12 (Kahane-Khintchine inequality - Gaussian sums). For
all 1 < p,qg < oo and dll finite sequences x1,...,xNy € E we have

N oy N ol
(EH Z YnTn ) < Kp,q (EH Z TnTn ) )
n=1 n=1

where K, 4 is the Kahane-Khintchine constant.

Proof. Fix k=1,2,... and define @57,16) = Lk Z?Zl Tnk+;- For each k we have

1

N o py L N &k TN
(S s )! = (] 55 e 2]

N k 1 N 1

Tn |9\ ¢ . qN\ ¢

< Kp7q (EH E E Tnk+jﬁ ) = KPJI (EH E @Sf)xn ) ! .
n=1 j=1 n—1

The proof is completed by passing to the limit & — oo and using the central
limit theorem. a

The attentive reader has noticed that we are cheating a bit in the above
proof, as the usual formulation of the central limit theorem only asserts that

limp— oo (cpgk), . gog\l?)) = (y1,...,7n) in distribution, that is,

. k k
lim Ef(pf”,.. o) =Ef (n,...,w)

for all bounded continuous functions f : RV — R. We will show next how,
in the present situation, the convergence of the L"-norms (with r = p,q) of
the sums can be deduced from this. The main idea is contained in the next
lemma.

Lemma 3.13. Suppose ©o,¢1,... and ¢ are RN -valued random variables
such that for all bounded continuous functions f : RN — R we have

i Ef(pr) = Ef(¢).
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Let @ : RN — R be a Borel function such that sup,s, E|®(¢r)| < oo and
E|®(p)| < co. If g : RN — R is a continuous function satisfying

9] < le@)]|@(1)], t € RY,
where ¢ : RN — R is a bounded function satisfying limy| o0 |c(t)] = 0, then
Jim Eg(pr) = Eg(p).

Proof. Let gr := g-1{j9/<ry + R 1{g>ry — R-114,<_Rr) denote the truncation
of g at the levels £ R. By assumption we have

i Egr(er) = Egr(e)- (3-5)
Furthermore, by dominated convergence,
Jim Egr(p) = Eg(p). (3.6)

Fix € > 0 and choose Ry > 0 so large that supj, - g, |c(t)| < . Choose
R; > 0 so large that |g(t)| > Ry implies |t| > Rg. Then, for all R > Ry,

supE|g(¢r) — gr(pr)| < sup E(1yg>ry (9r)lg(er)])
k>0 k>0
< sup E(1q1g> gy () ()] (k)] (3.7)
E>0

< esupE|P(py)l,
k>0

Combined with &) and [FI), this gives the desired result. O
Now we can finish the proof of Theorem

Lemma 3.14. With the notations of Theorem [Z13, for all 1 < r < oo and
Z1,...,xn € E we have

N r N
lim EH Z@ﬁf)an ZEHZ%M
n=1 n=1

T

3
k—oo

where v1,...,yn are independent standard Gaussian variables.

Proof. Without loss of generality we may assume that maxi<n<n ||zn|| < 1.
We fix 1 < r < oo and check the condition of Lemma for the functions
& :RY - Rand g: RN — R defined by

N N
2(0):=exp (X ltalllzall). () = || X tarn

where @y, 1= (cpgk), . .,cps\];)) and ¢ := (Y1,...,YN)-

T

?
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If ¢ is a symmetric real-valued random variable, then

Eexp(|¢]) = Eexp(—1i,<0y¢) + Eexp(lip>0y0)
= Eexp(l{_y<019) + Eexp(liyz010) < 2Eexp(y).

Hence, since maxi<n<n || Zn| < 1,

N N
Ed(pr) < [[ Eexp(jplP]) <2V [ Eexple?)
n=1

n=1

o Pkt 1 1, 1 —1\kN
_oN nk+iy _ on (1 Ly s -
=2 ggEexp( \/E) 2 (26Xp(\/E)+28Xp(\/E))
1 \kN
=2Nﬁ<1+%) =2Nexp(N/2)- 0(1) as k — oc. O

3.3 Exercises

1. Let (X,)Y_; be a sequence of independent symmetric E-valued random
variables, and let (rn)ﬁf:l be a Rademacher sequence which is indepen-
dent of (X,,)N_;. Prove that the sequences (X,,))_; and (r,X,)Y_; are
identically distributed.

Hint: As in the proof of Theorem[EZit may be assumed that (X,,)N_; and
(1,)N_, are defined on distinct probability spaces. Use Fubini’s theorem

together with the result of Exercise

Remark: This technique for introducing Rademacher variables is known
as randomisation. It enables one to apply inequalities for Rademacher
sums in F to sums of independent symmetric random variables in E.

2. (1) Let (r],)22, and (r/)$2; be independent Rademacher sequences on
probability spaces (£2/, %', P’) and (2", F"”,P"). Prove that on the prod-
uct (2,.#,P) = (' x 2", F' @ F" P @P"), the sequence (r,,71)>® |
consists of Rademacher variables, but as a (doubly indexed) sequenée it
fails to be a Rademacher sequence (that is, the random variables 7/, 7/

fail to be independent).

3. (!) We continue with the notations of the previous exercise. Prove that
for 1 < p < oo the following version of the contraction principle holds
for double Rademacher sums in the spaces LP(A), where (A, &7, u) is a
o-finite measure space: there exists a constant C}, > 0 such that for all
finite sequences (finn), =1 in LP(A) and all scalars (apmn)p, ,—1 we have

p p

N N
EH > amnt ) frn <C,’,’(1<r£ix<N|amn|”)EH D rhr fn

m,n=1 m,n=1
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Hint: Proceed in three steps: (i) the result holds for F = R with exponent
2; (ii) the result holds for £ = R with exponent p; (iii) the result holds
for E = LP(A) with exponent p.

Let 1 < p < 2. A Banach space E is said to have type p if there exists a
constant C}, > 0 such that for all finite sequences z1,...,2x in £ we have

N N N 1
5 <o)
n=1 n=1

Let 2 < ¢ < oo. The space E is said to have cotype g if there exists a
constant C; > 0 such that for all finite sequences z1,...,2zy in E we have

N 1 N 9o 1
(;Hxnnq)q < Cq<]EHn§_:lrnxn )

For ¢ = oo we make the obvious adjustment in the second definition.
Prove the following assertions:

a) Every Banach space has type 1 and cotype oo (accordingly, a Banach
space is said to have non-trivial type if it has type p € (1,2] and finite
cotype if it has cotype ¢ € [2,00)).

b) Every Hilbert space has type 2 and cotype 2.

¢) If a Banach space has type p for some p € [1,2], then it has type p’
for all p’ € [1, p]; if a Banach space has cotype ¢ for some ¢ € [2, o0,
then it has cotype ¢’ for all ¢’ € [q, x0].

d) Let p € [1,2]. Prove that if E has type p, then the dual space E* has
cotype p/, 1—17 + 1% =1.

Hint: For each x € E* choose x,, € E of norm one such that ||z || >

11(2y, 27)|. Then use Hélder’s inequality to the effect that for all scalar

sequences (b,)N_, one has

1

N " N N 1
<Z|bn|p,)p/ zsup{Zanbn: (Z|an|p)p gl}.
1 n=1 n=1

Remark: The analogous result for spaces with cotype fails. Indeed, the
reader is invited to check that I' has cotype 2 while its dual [*° fails to
have non-trivial type.

Let p € [1,2]. Prove that a Banach space E has type p if and only if it
has Gaussian type p, that is, if and only if there exists a constant C > 0
such that for all finite sequences z1,...,zx in E we have

B3 <o)
n=1 n=1
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Hint: One direction follows from Corollary Bl For the other direction
use a randomisation argument.

Remark: The corresponding assertion for cotype is also true but much
harder to prove; see the Notes.

Notes. The results of this lecture are classical and can be found in many
textbooks. Our presentation borrows from ALBIAC and KALTON [I] and D1-
ESTEL, JARCHOW, TONGE [35]. Both are excellent starting points for further
reading.

The Kahane contraction principle is due to KAHANE [54], who also ex-
tended the classical scalar Khintchine inequality to arbitrary Banach spaces.
It is an open problem to determine the best constants K, , in the Kahane-
Khintchine inequality; a recent result of LATALA and OLESZKIEWICZ [67] as-

serts that the constant K, = 21_% is optimal for 1 < p < 2.

For a proof of Theorem B see, e.g., [35]. The proofs of Theorems Bd and
BT are taken from ALBIAC and KALTON [I]. The central limit argument in
Lemma B4 is adapted from TOMCZAK-JAEGERMANN [102].

The contraction principle for double Rademacher sums of Exercise B has
been introduced by PISIER [92]. This property, nowadays known under the
rather unsuggestive name ‘property («)’ plays an important role in many
advanced results in Banach space-valued harmonic analysis. It can be shown
that the Rademachers can be replaced by Gaussians without changing the
class of spaces under consideration. Not every Banach space has property («);
a counterexample is the space cg.

The notions of type and cotype were developed in the 1970s by MAUREY
and PISIER. As we have seen in Exercise Bl Hilbert spaces have type 2 and
cotype 2. A celebrated theorem of KWAPIEN [64] asserts that Hilbert spaces
are the only spaces with this property: a Banach space F is isomorphic to a
Hilbert space if and only if E has type 2 and cotype 2. Another class of spaces
of which the type and cotype can be computed are the LP-spaces. For the
interested reader we include a proof that the spaces LP(A), with 1 < p < o0
and (A, 7, ) o-finite, have type min{p, 2}. A similar argument can be used
to prove that they have cotype max{p,2}.

Let f1,...,fn € LP(A) and put r := min{p, 2}. Using the Fubini theo-
rem, the scalar Kahane-Khintchine inequality, the type p inequality, Hélder’s
inequality, and the triangle inequality in L+ (A), we obtain
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N » 1 N
(]Ean_:lr"f" Lp(A)) - (/AE’T;T"JC"(O

’ du(f))%

<KHQ(A(E};rnfn(§>\ )" (&)
N P 1
= Ko [ (X 10©OF) au©)’
n;l . )
<Ko [ (XIruter) due))’
N 1
_ ﬂ];w o
- l
< Kn2<§:1H|fn|r p(A))r
= l

= K2 (3 Iallineay)
n=1

An application of the Kahane-Khintchine inequality for LP(A) to replace the
LP-moment in the left hand side by the L?-moment finishes the proof.

It was noted in Exercise Hl that if £ has type p, then E* has cotype p’
(where % + ﬁ = 1) and that the analogous duality result for cotype fails. It
is a deep result of PISIER [03] that if F has cotype ¢ € [2,00) and non-trivial
type, then E* has type ¢/, % + % =1.

The fact that a Banach space has cotype ¢ if and only if it has Gaussian
cotype g can be deduced from a deep result of MAUREY and PISIER (see
[l Chapter 11]) which gives a purely geometric characterisation of type and
cotype. For the details we refer to [35].



