6

Stochastic integration I: the Wiener integral

The hard work in the previous lectures will pay off in this lecture, which is
devoted to stochastic integration. In view of future applications to stochastic
Cauchy problems we shall consider a setting where the integrands take values
in the space of operators £ (H, E), where H is a Hilbert space and F a Banach
space, and the integrator is a H-cylindrical Brownian motion on a probability
space (§2,.%7,P). It is advisable, however, to keep in mind the special case
H = R which concerns the stochastic integration of E-valued functions with
respect to a real-valued Brownian motion (cf. Corollary BIX).

In this lecture we only consider stochastic integrals of functions @ :
(0,T) — Z(H,E); such integrals are sometimes called Wiener integrals.
The more delicate problem of stochastic integration of stochastic processes
$:(0,T)x 2 — Z(H, FE) will be considered later on in this course. The theory
developed in the present lecture suffices for applications to linear stochastic
evolution equations with additive noise, which is the topic of the next couple
of lectures.

6.1 Brownian motion

An E-valued stochastic process (briefly, an E-valued process) indexed by a
set I is a family of E-valued random variables (X (i));c; defined on some
underlying probability space (£2, %#,P).

Definition 6.1. An E-valued process (X (i))ier is called Gaussian if for all
N > 1 andiy,...,iy € I the EN -valued random variable (X (i1),..., X (in))
is Gaussian.

6.1.1 Brownian motion

We start with the definition.
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Definition 6.2. A real-valued process (W (t)):co,) is called a Brownian mo-
tion if it enjoys the following properties:

(i) W(0) = 0 almost surely;
(il) W(t) — W(s) is Gaussian with variance t — s for all 0 < s <t <
s

T:
(iil) W (t) — W (s) is independent of {W(r): 0<r <s} forall0<s<t<T.

In some texts, Brownian motions are called Wiener processes.
Proposition 6.3. Every Brownian motion is a Gaussian process.

Proof. Fix t1,...,ty € [0,T]. By independence, the RV -valued random vari-
able (W (t1), W(t2)—W(t1), ..., W(tn)—W(tn—1)) is Gaussian, and the ran-
dom variable (W (t1),...,W (tn)) is obtained from it under the linear trans-
formation (p1,...,pn) — (p1,01 4+ p2,--- 01+ -+ pN). O

Here is a simple way to recognise Brownian motions:

Proposition 6.4. A real-valued Gaussian process (W (t))epo,1 is a Brownian
motion if and only if

E(W (s)W(t)) = min{s,t} V0 < s,t < T.

Proof. Let us first prove the ‘if” part. Property (i) follows from E(W (0))? = 0.
To prove (ii) let 0 < s <t < T. Then

E(W(t) — W(s))? =t —2min{s,t} +s=1—s.

For (iii) we must prove that W (¢)—W (s) is independent of (W (r1), ..., W(ry))
whenever 0 < r1,...,7ry < s < ¢t < T (cf. Definition 4. Noting that
(W(r),...,W(rn)) is the image of (W (r1), W(r2) — W(r1),...,W(ry) —
W (rn—1)) under a linear transformation, it suffices to prove that W () —W(s)
is independent of (W (r1), W(re) — W(r1),...,W(rn) — W(rn-1)). For this,
in turn, it is enough to check that the random variables W(ry), W(rs) —
W(r),...,W(rn)—W(ry_1), W(t) — W (s) are independent. By Proposition
IO all we have to check is their orthogonality in L?(§2). But this follows
from a simple computation using E(W (s)W (¢t)) = min{s, t}.

To prove the ‘only if” part let (W (t))¢cjo,7) be a Brownian motion. Then
forall 0 <s<t<T,

QE(W (s)W (1)) = EW (s)? + EW (1) — E(W(t) — W(s))?
=s+t—(t—s)=2s=2min{s,t}. 0

In order to prove the existence of Brownian motions it will be helpful to
introduce the notion of an isonormal process.
Let J# be a Hilbert space with inner product [-, -].
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Definition 6.5. An Z-isonormal process on {2 is a mapping W : H —
L2(02) with the following two properties:

(i) For all h € S the random variable #'h is Gaussian;
(ii) For all hy,hy € I we have E(# hy - W ha) = [h1, ha).

From (ii) it follows that for all scalars ¢1, co and all hq, he € S one has
E(W(Clhl + Cghg) — (61W(h1) + CQW(hQ)))Q =0.

As a consequence, J-isonormal processes are linear. By linearity we have
ZN cnW hy, = V/(ZN ¢nhy ), which shows that for all hy, ..., Ay € 2 the

n=1 n=1

R¥-valued random variable (# hy,...,# hy) is Gaussian. Stated differently,
(W h)hem is a Gaussian process.

Ezample 6.6. If 57 is a separable Hilbert space with orthonormal basis
(hn)22, and (7,)52, is a Gaussian sequence, then #'h = > 7 v,[h, hy]
defines an #-isonormal process # . The verification is an easy exercise.

The next theorem provides the existence of Brownian motions:

Theorem 6.7. If # is an L*(0,T)-isonormal process, then W (t) := Wy
defines a Brownian motion on [0,T].

Proof. By the observation preceding Example B8, (W (t)):eo, 17 is a Gaussian
process. Since it satisfies E(W (s)W (t)) = [1j0,5], 10,4]22(0,7) = min{s, ¢}, it is
a Brownian motion by Proposition £l O

The Brownian motion constructed in Theorem is given explicitly by
o oo +
W(t) = Yulhn, L] = Z%/ hn(s) ds, (6.1)
n=1 n=1 0

where (7,)5% is a Gaussian sequence and (hy,)22; is an orthonormal basis
for L?(0,T). This formula gives a profound connection between Brownian
motions and the integration operator Iz : L?(0,T7) — C[0,T] of Theorem
We return to this point in Exercise

So far, we have never worried about the distinction between a pointwise
defined random variable X : 2 — F and its equivalence class modulo null
sets. When considering stochastic processes (X (¢));cs, however, one is often
interested in properties of the trajectories i — X (i,w) := (X (i))(w), where
w € 2. Of course these are well-defined only if the X (i) are defined pointwise.
Since random variables are often given only as equivalence classes (for in-
stance, when they are constructed as elements of LP({2; E)), one is confronted
with the problem of selecting, for each i € I, a pointwise defined representa-
tive of X (i). The question then arises whether these representatives can be
chosen in a way that the trajectories have ‘good’ properties.

This discussion leads naturally to the following definition.
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Definition 6.8. Two (pointwise defined) processes X = (X (i))ie; and X =
(X (i))ics are versions of each other if for all i € I we have X (i) = X (i)
almost surely.

Stated differently, X and X are versions of each other if and only if X ()
and X () define the same equivalence class for each ¢ € I. From now we shall
tacitly assume that processes are always pointwise defined.

The next result, due to KOLMOGOROV, gives a sufficient condition for the
existence of a (Hélder) continuous version of an E-valued process (X (t))¢c[o,7]-

Theorem 6.9 (Kolmogorov). Let (X (t))icjo,r) be an E-valued process on
2 with the property that there exist real constants C > 0, a > 0, 5 > 0, such
that

E|X(t) — X(s)[|* < Ct—s)P Yo<s<t<T.
Then for all0 < v < g, X has a version X with Hélder continuous trajectories
of exponent vy, that is, for all w € {2 there is a constant C(w) = 0 such that

IX(t,w) — X(s,w)|| <CW)|t —s]7  VO<s,t<T.

Proof. We may assume that 7" = 1 for notational simplicity. For j = 0,1, ...
put

Yii= sup [ Xgy1)2-5 — Xpa-ill-
0<k<2i—1
Clearly,
201
EY;" < Z E|| X (kp1y2-5 — Xpos[|* <27 - 02797 = 027,
k=0

Set D; :=={k279:k=0,...,27—1}and D := U;’;ODj.Fixj >0ands,t €D
satisfying |t — s| < 277. For each n > 0 let s,, and t,, be the largest elements
in D,, such that s, < s and t,, < t. Then either s, = t,, or [t, — s,| = 27"
Similarly, sp41 — sn and t,4+1 — t, can only take the values 0 or 9~ (n+1),
Moreover, eventually s,, = s and t,, = t. Hence,

(o) oo
||Xt - XS” < ||X5j - th || + Z ||th+1 - th” + Z ||X5n+1 - XSn”

n=j n=j

<Y +2 f: Yn<2§:Yn,

n=j+1 n=j
where all sums are actually finite. Fixing 0 < v < g we obtain
Z =sup{|| X: — Xs||/|t —s|": s,t € D, s#t}
<sup{2(j+1)7 sup | X: — Xl : s,t €D, s;«ét}

3§20 2-GHD <|t—s| <27

<Sup<2(j+1)7-2 Yn)<27+1 271y,
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In case a > 1, the triangle inequality in L({2) gives
1

(EZO‘)% < 97+1 Z 2'yn(EYna); < 97+1 Z 2’777,(02—577,)%’
n=0 n=0

which is finite since we assumed that v < 3/a. For 0 < o < 1 we reason
similarly, replacing the triangle inequality by the inequality (3,7 |cn])* <
>0 o len|®. In either case, it follows that Z < co almost surely.

In particular, almost surely X is uniformly continuous on D. On the set

{Z < o} we define X; = 1imsa5 X, and on the remaining null set we set
s€

)?t := 0. The process X thus obtained has Hélder continuous trajectories of
exponent 7. By Fatou’s lemma and the assumption of the theorem, for all
t € [0,1] we have X; = X; almost surely. Therefore X is a version of X. O

Corollary 6.10. Every Brownian motion has a version with Hélder continu-
ous trajectories for any exponent v < %

Proof. From E|W (t) — W(s)|? = |t — s| and Exercise [ (or the Kahane-
Khintchine inequality), for £ = 1,2,... we obtain

E[W (t) = W(s)[** = Cilt — s|",

and the result follows from Kolmogorov’s theorem upon letting k — co. O

6.1.2 Cylindrical Brownian motion

Definition 6.11. An L%(0,T; H)-isonormal process is called an H-cylindrical
Brownian motion on [0,T].

H-Cylindrical Brownian motions will be denoted by Wg. For ¢ € [0,T]
and h € H we put
Wg(t)h := WH(l(O,t) ® h).
For each fixed h € H the process (W (t)h)nen is a Brownian motion, which
is standard if and only if ||| g = 1.

Ezample 6.12. If (W(™)22_| is a sequence of independent Brownian motions

and H is a separable Hilbert space with orthonormal basis (k)52 , then

Wy (t)h = i W™ (t)[h, hy]

defines an H-cylindrical Brownian motion (W (t))c(o,7]- The easy proof is
left as an exercise.

Remark 6.13. Let H = L?(D), where D is an open subset of R%. An L?(D)-
cylindrical Brownian motion provides the mathematical model for ‘space-time
white noise’ on [0, T] x D. This explains why H-cylindrical Brownian motions
appear naturally in the context of stochastic partial differential equations. We
will return to this in later lectures.



78 6 Stochastic integration I: the Wiener integral

6.2 The stochastic Wiener integral

After these preliminaries we turn to the problem of defining a stochastic in-
tegral of suitable functions @ : (0,7) — £ (H, E) with respect to an H-
cylindrical Brownian motion Wy .

For an Z(H, E)-valued step function of the form @ = 1¢,;) ® (h ® x)
with 0 < a < b< T and h € H, x € E, we define the random variable

[ @AWy € L*(£2; E) by

T
/ AWy = Wi (L) @ h) @ 2 = (Wi (b)h — Wr(a)h) © x
0

and extend this definition by linearity to step functions with values in the
finite rank operators in Z(H, E); such functions will be called finite rank
step functions. In order to extend the stochastic integral to a broader class
of Z(H, E)-valued functions, just as in the classical scalar-valued theory we
shall compute its square expectation.

We make the preliminary observation that any step function @ : (0,7) —
#(H, E) uniquely defines a bounded operator Ry € Z(L?(0,T;H), E) by
the formula

T
Ref ;:/0 () f(t)dt, feL?0,T;H).

Theorem 6.14 (Ité6 isometry). For all finite rank step functions @ :
(0,T) — Z(H,E) we have Ry € v(L?(0,T; H), E), the stochastic integral
fOT@dWH is a Gaussian random variable, and

T 2
EH/O QdeHH = 1Rel312(0,7:11),m)-

Proof. Let & := YN 14, @ U, with 0 < tg < --- < ty < T and
the operators U,, € Z(H, E) of finite rank. It is an easy exercise in linear
algebra to check that there is no loss of generality in assuming that U, =
Z?:l hj ® x;n, where the vectors hy,...,h; € H are orthonormal (and do
not depend on n). Since Rg is of finite rank, it belongs to v(L?(0,T; H), E).

Put ¢, := cnl(,_, t.), Where the normalising constant ¢,, := 1//t,, — t,—1

assures that the functions ¢i,...,¢x are orthonormal in L2(0,7T). The se-
quence (¢, ® hj)1<j<k is orthonormal in L?(0,T; H), and from Lemma B
1<n<N

we obtain that
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2
|‘R<15||gy(L2(O,T;H);E) =K Z Z YinRa(dn ® hJ)H
j—lnfl
2
=K Z Z ’an/ Cnl(tn,l,tn)(t)Unhj dtH
j=1ln=1
2
=E ZZ’Y]n tp —tn— 1Zjn ||
j=1n=1

where (v;n) 1<j<k is a Gaussian sequence. On the other hand,
1<nEN

k N

] [ oawa]” = 5 S S0Vt - Wit ) 20

j=1n=1

2

>~
z

W tnh'—W tn_ h
=E|3 % ul )\/% W o S taiam

j=1n=1

Putting v}, == (Wh(tn)h; — W (tn-1)h;)//tn —tn—1, the desired 1dent1ty
now follows since (fyjn) 1<i<k 1S a Gausblan sequence.
N

I
1<n<

2

As a consequence, the linear mapping J¥V " : Rp — fOT@dWH uniquely
extends to an isometric embedding

JYH y(L2(0,T; H), E) — L*(2; E).

Accordingly, the stochastic integral of an operator R € ~(L?(0,T;H), F)
can be defined as J;V A(R). In order for this to be useful we need a way
to recognise those Z(H, E)-valued functions which ‘represent’ an operator in
v(L?(0,T; H), E). To this problem we turn next.

For a function @ : (0,T7) — Z(H, E) and elements h € H and z* € E*
we define ®h : (0,T) — E and &*z* : (0,T) — H by (Ph)(t) := ®(t)h and
(@*x*)(t) := &*(t)x* (where of course &*(t) := (P(t))*).

Definition 6.15. A function & : (0,T) — Z(H,E) is said to be stochas-
tically integrable with respect to the H-cylindrical Brownian motion Wy if
there exists a sequence of finite rank step functions @, : (0,T) — Z(H,E)
such that:

(i) for all h € H we have lim,,_,oc ,h = Ph in measure;
T

(ii) there exists an E-valued random variable X such that lim b, dWy =

n—oo 0

X in probability.

The stochastic integral of a stochastically integrable function @ : (0,T) —
Z(H,FE) is then defined as the limit in probability
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T T
0

n—oo 0

Three remarks are in order.

(a) Condition (i) means lim, . [{t € (0,T) : ||, (t)h—D(t)h]| > r}| =0 for
all h € H and r > 0, where | B| denotes the Lebesgue measure of B.

(b) The stochastic integral is well defined in the sense that it is independent
of the approximating sequence.

(¢) From TheoremEETH it follows that the convergence in probability in condi-
tion (ii) is equivalent to convergence in LP((2; E) for some (all) 1 < p < oc.

In the special case E = R we may identify .Z(H,R) = H* with H by the
Riesz representation theorem. Under this identification, Theorem BT reduces
to the statement that the stochastic integral of a step function ¢ : (0,7') — H
satisfies

T 2
B [ oawi| = 16l (62)

From this it is immediate that a strongly measurable function ¢ : (0,7') — H
is stochastically integrable with respect to Wy if and only if ¢ € L2(0,T; H),
and the isometry [3) extends to functions ¢ € L2(0,T; H).

Definition 6.16. A function @ : (0,T) — L (H, E) is called H-strongly mea-
surable if for each h € H the function ®h : (0,T) — E is strongly measurable.

By Theorem and a limiting argument, we see that if a function & is
stochastically integrable with respect to Wy, then the integral operator Rg
associated with @ is well-defined and -radonifying. Interestingly, the converse
is true as well. These two statements are contained in the next theorem, which
is the main result of this lecture.

Theorem 6.17. Let Wy be an H-cylindrical Brownian motion. For an H-
strongly measurable function @ : (0,T) — £ (H, E) the following assertions
are equivalent:

(1) @ is stochastically integrable with respect to Wy ;
(2) @*z* € L?(0,T; H) for all x* € E*, and there exists an E-valued random
variable X such that for all x* € E*, almost surely we have

T
(X,x*)z/ S dWir;
0

(3) &*x* € L%(0,T;H) for all z* € E*, and there exists an operator R €
v(L%(0,T; H), E) such that for all f € L?(0,T; H) and x* € E* we have

T
(Rf,a") = / (@) f(1), a) dt.
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If these equivalent conditions are satisfied, the random variable X and the

operator R are uniquely determined, we have X = fOTQJdWH almost surely,
and

T 2
EH/O @dWHH = IR (12(0.7:11),5)-

In the situation of (3) we say that @ represents the operator R. Note that
condition (3) does not depend on the particular choice of Wy .

Proof. We shall prove the implications (1)=-(2)=(4)=(3)=-(1), where

(4) &*z* € L*(0,T;H) for all z* € E*, and there exists a 7y-radonifying
operator R from a Hilbert space H to E such that for all 2* € E* we have

122" L2(0,7:00) < [ R™27 (| -

(1)=(2): Let (®,,)22, be an approximating sequence of finite rank step
functions for @ and take X := fOTadeH. As we have already observed,
lim,, oo [y @ndWp = X in L2($2; E). Hence,

T T
lim [ &2"dWy = lim < / ®, dWH,x*> = (X, ")
0

n—oo 0 n—oo

in L2(§2), where the first identity is verified by writing out the definitions. By
the special case of the It6 isometry contained in ([E2), the sequence (&7 x*)S2 ;

is Cauchy in L2(0,T; H). Let f be its limit. Since lim,,—, o0 (®,h, 2*) = (Ph, z*)
in measure, it follows that f = &*z* in L?(0,T; H). Once more by (E2),

T T
lim @;x* dWH = / 45*33* dWH.
0

n— oo 0

(2)=(4): Let ix € v(Hx, E) be defined by 3. Then, by G2,
T T 2
/ 16 ()" |2 dt = EH/ Bt W[ = E(X, ) = i
0 0
(4)=(3): The formula

T
(Raf)(") = / (0,8 (02" dt, | e LX(0.T: H), 2" € E,

defines a bounded operator Rg from L?(0,T; H) to E**. Once we know that
Rg maps L%(0,T; H) into E, Theorem B TAshows that Re € v(L?(0,T; H), E).

For the proof that Rg takes values in F we invoke Theorem By
assumption, for all h € H the function @h is strongly measurable and the
functions (®h,x*) = [h,P*z*] are square integrable. It follows that @h is
Pettis integrable. Therefore, for step functions f, the element Rgf € E** is
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given by the Pettis integral fo (t)fdt in E. Thus, Ref € E for all step
functions f : (0,T) — H. Since these functions are dense in L?(0,7; H), a
limiting argument implies that Rgf € E for all f € L?(0,T; H).

(3)=(1): We split the proof into three steps.

Step 1 - We begin by constructing an E-valued random variable X, which
will turn out later to be the stochastic integral fOT D AWy

By Proposition EzI there is a separable closed subspace 5%, of L?(0,T; H)
such that Rf = 0 for all f € #". Choose a separable closed subspace Hy
of H such that 7% C L?(0,T; Hy). Note that the range of R* is contained in
%, hence in L%(0,T; Hy).

Let (fm)_; and (h,)%; be orthonormal bases for L?(0,7) and Hy,
respectively. The functions Omn = fm ® h, define an orthonormal ba-
sis (¢mn)pene1 for L?(0,T;Ho). By ([B2) the random variables vpn :=
fOT Gmn AWy are standard Gaussian, and the linearity of the stochastic in-
tegral implies that they are jointly Gaussian. The orthonormality of the ¢,
implies that the 7,,, are orthonormal in L?({2), and therefore independent
by Proposition EET0l Thus we have shown that (vmn )5 ,—1 is a Gaussian se-
quence.

Put

> YmnRmn.

m,n=1

This sum converges in L?(£2; E) by Theorem EIA Moreover, the identity
(Rémn, x*) = [D*2*, dmn|12(0,1;H,) implies P*2* = R*x* € L?(0,T; Hy) and

Xty = 3 / (R, ")y AW

m,n=1
; (6.3)
:/ Z (R, " (bmndWH_/ &2 AWy,
0 m,n=1 0

where the second identity follows from L?(0,T; H)-convergence and (52).
Step 2 - Define the operators @4 (t) € £ (H, E) by

t)h _21((3 or g, () RUjih,
where Uj, € £ (H,L*(0,T; H)) is given by Ujh := ZTkl((j—l)T T
ok

) ® h. Note
'Ok

that RUji € v(H, E) by the ideal property. Hence, each @, is an v(H, E)-
valued step function. The identity

2k ok .
(Pr Z 1((7 DT Ty T ﬂj_l)T (D(t)h, z*) dt
ok

shows that @, is obtained from ¢ by averaging. We will show that
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(i) limg— 0o Prh = Ph in measure for all h € H,

(ii) limg_ oo fOT &, dWy = X in probability, where X is as in Step 1.

To prove (i) fix h € H and assume that ||2|| = 1. To get around the difficulty

that we cannot be sure that &h € L2(0,T; E) we do a trunction argument.
Fix an arbitrary ¢ > 0. For r > 0 define S(") € Z(L?(0,T; H)) by S f :=

L{a(t)n|<ryf- Using Proposition BT choose rg > 0 so large that

IR = RS aommm <& It € (0,7): [@()h— Fr )] > e} <,

where f(0)(t) := Ly (t)h) <ro} @ (t)h. Since f(r0) € L?(0,T; E), by the proper-
ties of averaging operators (see Exercise B) we have
2k iT

2 k r
fo) = lim 1((.7‘—1>T Ty ﬂg f(TO)(t) dt = kli_{glo f;i 2 (6.4)
1

k—o0 4 2k ok =T
J= 2k

in L2(0,T; E), where f{™) := Y| Lonr o) RSO Uih.
2 72k

If s e ((j;;)T, é—j,:), then

1/ (5) =@k (s)h|| = [|RSTOUph—RUh|| < [|R—RST||y 120101y, < €-

e [{t € (0,T): |®(t)h — Di(t)h] > 3¢}
<et+|{te (1) £ — £ > e}
+{t e (0,7): [ £7)(t) — Dy(t)hl| > £}
=e+ [{te(0,7): [fr) - £ > €},

Since € > 0 was arbitrary, (i) follows from (B4 by letting k& — oo.
We continue with the proof of (ii). Put

T T
X1:/ By AWy, Xn:/ (B — Bpy)dWy for n > 2.
0 0

We claim that the random variables X,, are independent. By the linearity
of the stochastic integral, the random variables X,, are jointly Gaussian and
therefore by Proposition EETO it suffices to check that E(X,,, z*)(X,,y*) =0
for m # n and z*,y* € E*. By (E2) and linearity, the expectation equals

T
/0 (@5, (62 — Bh_y (D), BE(t)y" — B (B)y"] dt

using the convention that @3 = 0. By a direct computation using the proper-
ties of the averaging operators, this expression equals 0.

Put Sy = 25:1 X, = fOT &N dWg. By [@3), 2), and the properties of
averaging operators, for all z* € E* we have
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lim E(X — Sy,z%)? = lim [|0%2" — Sxa™|| 7201,y = O

N —oco N —oco o

and therefore imy_,oo (Sn,z*) = (X, 2*) in probability. The It6-Nisio theo-
rem implies that limy_ ., Sy = X in probability.

Step 38— So far, we have found a sequence of y(H, E)-valued step functions
(D)5, with the convergence properties as required in Definition T3 To
conclude the proof we approximate the values of the functions &,, by finite
rank operators. a

Corollary 6.18. A strongly measurable function ¢ : (0,T) — E is stochasti-
cally integrable with respect to a real-valued Brownian motion if and only if ¢
represents an operator R € y(L*(0,T), E).

As an application of Theorem [B.I7 we have the following domination cri-
terion for stochastic integrability.

Theorem 6.19. Suppose that 1, P2 : (0,T) — L (H, E) are H-strongly mea-
surable functions, and assume that @2 stochastically integrable with respect to
the H-cylindrical Brownian motion Wy . If

T T
/ 185 ()" |2 dt < / |B3()a* Pt Ve € B,
0 0

then @1 is stochastically integrable with respect to Wy, and for all 1 < p < oo

we have
p

T p T
EH/ By dWy gJEH/ By AWy
0 0

Proof. First note that by Theorem EI7 for all 2* € E* the function ®5x*
belongs to L2(0,T; H). By (4) in the proof of Theorem BT, ®» represents an
operator Ry € v(L?(0,T; H), E). In view of Riz* = ®52* we have

T
/0 185 (8)" |12 dt = | B3 2 00010

Let Rg, € v(L?(0,T; H), E) denote the operator representing ®; whose exis-
tence is assured by Theorem BT (3). The first assertion follows by applying
Theorem to @1 and the LP-inequality follows from Corollary O

6.3 Exercises

1. (!) Let v be a Gaussian random variable with variance Ey? = ¢q. Compute
Evy?* k=1,2,...

Hint: Express Ey2k+2

in terms of Ey2F.



6.3 Exercises 85

2. In view of the identity (GJI), Theorem provides another proof of the
existence of a continuous version for Brownian motions. In this exercise
we show that in the converse direction Theorem 23] can be deduced from
the path continuity of Brownian motions.

Let W be a Brownian motion and let W be a version of it with continuous
trajectories.

a) Use the Pettis measurability theorem to prove that the function X7 :

2 — C[0,T] defined by (X7 (w))(t) := W (t,w) is strongly measurable.
Hint: The Dirac measures span a norming subspace in (C[0,T])*.

b) Show that the random variable X7 is Gaussian.

c¢) Show that the covariance operator Q7 of Xr is given by Qr = IrI}.,
where I7 : L2(0,T) — C[0,T] is the integration operator of Theorem
BE23 and deduce from this that I7 is v-radonifying.

3. Fix 1 < p < oo. For n = 0,1,2,... define the linear operators A, :
L?(0,T;E) — L?(0,T; E) by

o
Anf =3 Lumpr ) © i,
j=1
where )
on [
IEJn = ? Gonyr f(t) dt
27

a) Show that each A, is bounded and satisfies ||A,| = 1.
b) Show that lim, .o, Anf = f in LP(0,T; E) for all f € LP(0,T; E).
Hint: What happens if f is a dyadic step function?

¢) Prove the assertion involving averaging operators in Step 3 (ii) of the
proof of (3)=-(1) of Theorem 17

4. Let the function @ : (0,T) — Z(H, E) be stochastically integrable with
respect to Wg.
a) Show that for all ¢ € [0,T] the restriction of @| ) is stochastically
integrable on (0,t) with respect to Wy, that 1(o4)® is stochastically
integrable on (0,7") with respect to Wy, and that almost surely

t T
/ AWy = / 10.0® dWi.
0 0

We consider the E-valued process X, where X; = f(f @ dWy for t € [0,T].
b) Show that X is a Gaussian process.
¢) Show that X has trajectories in LP(0,T; E) almost surely for every
1 <p<oo.
Hint: Prove the stronger statement that EfOT | X @®)||P dt < .
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Remark: Using martingale techniques it can be shown that X has a
continuous version. We return to this later on.

5. Suppose that @ : (0,T) — £(H, E) is stochastically integrable with re-
spect to the H-cylindrical Brownian motion Wiy .
a) Show that for each h € H function ®h is stochastically integrable with
respect to the Brownian motions Wih.
b) Prove the following series expansion: if H is separable, then for any
orthonormal basis (h,,)22; of H we have

T o0 T
/ SdWy = Z/ Dhy dAWirh,y,,
0 o170

with convergence almost surely and in LP(£2; E) for all 1 < p < oo.
Hint: First consider the functions @®P,, where P, is the orthogonal
projection in H onto the span of {hy, ..., h,}.

Notes. The notion of Brownian motion has its origin in the observations
by the botanist BROWN (1773-1858) who observed that small particles sus-
pended in a fluid display random movements. The first rigorous mathematical
treatment was given by WIENER in the 1920s.
The proof of Theorem B is taken from REVUZ and YOR [94]. Its Corollary
[ET0 is nearly optimal in the following sense: almost surely, one has
(W (t) — W(s)|

limsup max =1
510 lt=sl<s /2]t — s[In(1/]t — s])

This is a classical result of LEVY. In particular it shows that almost surely the
paths of a Brownian motion are nowhere Hélder continuous of exponent %
For proofs and further results on Brownian motion we refer to KARATZAS and
SHREVE [h9] and REVUZ and YOR [94]. A more recent result of CIESIELSKI
[23] asserts that almost surely, the trajectories of Brownian motions belong

to the Besov space B %oo for all 1 < p < oo. This result was extended to
Banach space-valued Brownian motions, with a simpler proof, by HYTONEN
and VERAAR [B]].

For accessible introductions to the classical (scalar-valued) theory of
stochastic integration we refer to the books by CHUNG and WILLIAMS [22],
Kuo [63], OKSENDAL [86G], and STEELE [d9]. For scalar-valued functions,
the isometry of Theorem goes back to WIENER and was generalised to
stochastic processes in the fundamental work of ITO.

By combining the observation on KWAPIEN’s theorem in the Notes of the
previous lecture with Corollary we obtain that the following assertions
are equivalent for a Banach space E:

(1) the space of strongly measurable E-valued functions f : (0,7) — E which
are stochastically integrable with respect to Brownian motion equals
L*(0,T; E);
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(2) the space E is isomorphic to a Hilbert space.

An explicit example of a uniformly bounded function f : (0,1) — P for
1 < p < 2 which fails to be stochastically integrable was constructed in an
early stage of the theory by Yor [I10)]. Further examples along this line were
constructed ROSINSKI and SUCHANECKI [96] who also proved (for H = R)
the equivalence (1)< (2) of Theorem ETA Step 3 of the proof of (3)=(1) in
Theorem is a variation of their argument. In its present formulation,
Theorem BI7 can be found in [84]; a preliminary version was obtained in [16]
by using different methods. The idea in Step 2 of the proof of (3)=-(1) is taken
from [84]. The implication (3)=-(1) can alternatively be derived from variant
of Theorem This is the approach taken in [84], where also Theorems
ET4 ETd, and the result of Exercise |l were obtained.

In the Hilbert space literature, the series expansions of Example and
Exercise [ are often taken as the starting point for defining the stochastic
integral; see for instance the monograph of DA PRATO and ZABCzYK [27].

A more probabilistic approach to the theory of stochastic integration in
Banach spaces is taken by METIVIER and PELLAUMAIL [76].



