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Linear equations with additive noise I

Let A be the generator of a Cy-semigroup S on E. In the previous lecture we
have seen that the inhomogeneous abstract Cauchy problem

u'(t) = Au(t) + f(t),  u(0) ==,

is solved by the convolution formula

t
u(t) = S(t)x + / St —s)f(s)ds,
0
We now turn to the stochastic analogue of this equation,

dU(t) = AU(t)dt + BdWy,
u(0) =z,

where Wy is an H-cylindrical Brownian motion, and B € Z(H,E) is a

bounded operator. In concrete examples, W models space-time white noise

and B ‘injects’ this noise into the state space E. Reasoning by analogy, this
equation should be solved by the stochastic convolution

t
U(t) = S(t)x +/ S(t—s)BdWg.
0
We shall see that this is indeed correct, provided the .Z(H, E)-valued function

S(-)B is stochastically integrable with respect to Wiy

8.1 Stochastic preliminaries

In this section we collect several results which are needed in the proof of the
main result of this lecture, Theorem We begin with an integrations by
parts formula.
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Lemma 8.1 (Integration by parts). For all ¢ € C*[0,T] and h € H,
almost surely the following identity holds:

T T
/O o (YW (t)h dt = ¢(T)WH(T)h—/O 6@ hdiWy.

Before we prove the lemma we clarify the meaning of the integral on the left
hand side. Recalling that Wy h is a Brownian motion, using Corollary B0 we
select a version of Wy h whose trajectories are continuous almost surely. Then
the integral on the left hand side is well defined almost surely as a Lebesgue
integral.

Proof. We may assume that ¢’'(0) = 0; this somewhat simplifies the calcula-
tions below.

We begin by noting that fOT ¢ hdWy = fOT ¢ dW h. For step functions
this is clear from the definitions and the general case follows by approximation.
Rescaling i to unit length, it is therefore enough to prove the almost sure
identity

T T
/ & (W (1) dt = $(T)W(T) — / oW
0 0

for functions ¢ € C'*[0, T, where W is a scalar Brownian motion. This identity
is a special case of It6’s formula, but for those readers who are not familiar
with it we shall give a self-contained argument (which is indeed nothing but
the proof of Itd’s formula in the special case considered here). Let

N N n
g = Z Cnl(tnfl,tn]v G = Z Z Cm(tm — tM—l)l(tnfl,tn]
n=1

n=1m=1

with ¢;1,...,cn scalars and 0 =tp < --- < ty = T'. Then, almost surely,

T N tn
/0 oW @ =3 e / W

and
G(TYW(T) - TGdW
N ’ N n
=3 Cmltm — tm-)W(T) = > Z Cm(tm — tm—1) (W (tn) — W(tn_1))
= Z Cm(tm - tmfl Z Z Cm —tm— 1)(W(tn) - W(tnfl))
= Z Cm(tm — tm—1)W(T) — Z Cm(tm — tm—1)(W(T') = W(tm-1))
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Now let ¢ € C'0,7T] be given and put gy = Zn L ken—1) Lt 1ot ]
assuming that limy oo SUpP; << v, (fhyn — thn—1) = 0. Then limy .o gr. = @'
uniformly on (0, 7. Defining the functions Gy, in terms of the g5, as above, we
have limy_.oc Gx = ¢ uniformly on (0,T]. The above computation gives the
following identity, which almost surely holds for all &:

‘/ ge(OW (t)dt — (Gu(T /deW

,m

= ]qu o) [ W) B3 1) — e )W 1)

th,n—1

As k — oo, the left hand side tends to | [ ¢/()W(t)dt — ($(T)W(T) —
fOT ¢dW)|in L?(£2) and hence in measure, whereas the right hand side tends
to 0 almost surely by path continuity. This proves the lemma. O

We continue with a Fubini theorem for interchanging a Bochner integral
and a stochastic integral of an H-valued function. In this context it is natural
to impose an integrability condition which is L' with respect to the vari-
able of Bochner integration and L? with respect to the variable of stochastic
integration.

Lemma 8.2 (Stochastic Fubini theorem). Let ¢: (0,7)x (0,T) — H be
a strongly measurable function satisfying

/OT (/OT ||¢(s,t)||fth)% ds < oc.

(1) t — ¢(s,t) belongs to L*(0,T; H) for almost all s € (0,T), and the L*(2)-
valued function s — fOT &(s,t) AW (t) belongs to L1(0,T; L*(12));

(2) s — ¢(s,t) belongs to L'(0,T; H) for almost all t € (0,T), and the H-
valued function t — fOT ¢(s,t)ds belongs to L*(0,T; H);

(3) in L?(£2) we have

/OT(/OT Ols,t) AW (1)) ds = /OT (/OT O(s,1) ds) AW (1)

Proof. (1): By assumption we have ¢ € L'(0,T; L?(0,T; H)), and therefore
(1) is an immediate consequence of the Itd isometry ([E2).
(2): We claim that for a step function ¢ : (0,7) x (0,7) — H we have

|1l 20,721 0, 1511)) < Dl L1 (0,750 (0,13 1)) -

It suffices to prove this for T = 1. If ¢ = Zﬁl Egzl Lis;or,s) Letnoa,tn) @ Pk
then
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N M

2
1603 20,122 0.y = D (ke = i) (3055 = si-0) sl )

k=1 Jj=1
N
:ZZ — 8 1 — 8- 1 Ztk—tk 1 thkHHth”
; k=1

and similarly

M N
7 = - (te — te—1)||h N’
||¢HL1(0,T;L2(0,T;H))— Z Sj— 1) Z k k—1)l JkH
j k=1

=1
v
=3 (si—si)(sy —s5-1)
i=1 j=1
N N
(00—t ) (S~ te)el?)
k=1 k=1

In view of the Cauchy-Schwarz inequality, this proves the claim. It follows that
the identity mapping on step functions extends to a continuous embedding of
LY(0,T; L*(0,T; H)) into L?(0,T; L*(0,T; H)). This gives (2).

(3): For step functions ¢ the identity follows by a trivial computation, and
its extension to functions ¢ € L'(0,T; L(0,T; H)) is obtained by approxima-
tion using (1) and (2). O

8.2 Semigroup preliminaries

Let A be the generator of a Cy-semigroup S on E. Define
E® = 9(A*),

the closure being taken with respect to the norm topology of E*. Note that
E® is a closed and weak*-dense subspace of E*. We let A® be the part of A*
in E9, that is,
PD(A®) = {2* € 9(A*): A*z* € E®},
A9z* = A*z*, r* € 9(A9).
Proposition 8.3. Let A be the generator of a Cy-semigroup S on E. The

adjoint semigroup S* restricts to a Co-semigroup S© on E®© whose generator
equals A®.

Proof. For t € [0,T], x € E, and 2* € 2(A*) we have

t
[(z, S* ()" — 2™)| < / [(z, §*(s)A%a") [ ds <tz - sup [|S(s)] - [|A™"].
0 s€1[0,T)
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Taking the supremum over all € E of norm ||z|| < 1 gives

limsup ||S*(t)z* — «*|| <lim ¢- sup |S(s)|-||A*2"| = 0.
t10 to sefo,7)
Since Z(A*) is invariant under S* (by duality we have A*S*(t)z* = S*(t) A*x*
for * € P(A*) and t > 0) and S*(t) is uniformly bounded on [0, T, it follows
that S* restricts to a Cop-semigroup S® on E©.

Let B denote the generator of S®. If 2® € 2(B), then for all x € Z(A)
we have

1 1
OV _ T3 & o) O _ 2O\ i = _ oy _ o)
(x, Bz®) = lgimo t(m,S (t)x ) 1tllm0 t(S(t)x z,z%) = (Az, z%).

Hence z© € Z(A*) and A*2® = Bz®. Since Bz® € E© it follows that
2© € 2(A®) and A®2® = A*z® = Bz®. Conversely, if 2© € 2(A®), then
A®z® € E® and s — S®(s)A®z® is strongly continuous and, for all z € E,

Km,A@x@ - %(SQ(t)xG - x®)>} < ||x||HA@x® - %/Of SO(s) A% dsH.
Hence,
422~ ds2@a® —a9) < 4720 1 [ 51470 as]
0

Since A®z® € E®, the right hand side tends to 0 as ¢t | 0 by strong continuity.
This proves that 2© € 2(B) and Bax® = A®z©®. O

This proposition will be used in combination with the next approximation
result.

Lemma 8.4. For k = 0,1,2,..., linear combinations of the functions ¢ @ x
with ¢ € C*[0,T] and x € E are dense in C*([0,T); E).

Proof. We begin with the case k = 0, which is proved by a standard partition
of unity argument. Let f € C([0,T]; E) be arbitrary. Let ¢ > 0. Since f
is uniformly continuous we may choose § > 0 such that || f(¢) — f(s)] < &
whenever |t — s| < 0. Let I1,...,Ix be open intervals of length < ¢ covering
[0,7] and let ¢1,...,¢n be a partition of unity with respect to this cover,
that is, 0 < ¢, < 1, ¢y, is supported in I,,, and Zﬁle ¢, = 1. Choose points
tn, € [0,T]N I, let x, := f(t), and put f. := Zf:f:l On @ xy,. Fix t € [0,T].
If t € I, then |t — t,| < ¢ and therefore || f(t) — x,|| < e. If t € I, then
¢n(t) = 0. Hence, using that f = Zf:f:l onf,

N
1£8) = LI <Y bn@®IIF () —znl <& Y ¢nlt) <e.
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This proves that ||f — fe|| <e.

The general case is proved with induction on k. Suppose the lemma has
been proved for k = 0,...,l and let f € C'*1([0,7]; E) be arbitrary. Then
f € CY([0,T]; E) and therefore we can find functions g; € C([0,T]; E) of
the form g; = Zf:/;l bjn @ T With ¢j, € CY0,T] and x;, € E such that
lim; oo gj = f" in CY[0,T]; E). Let Yin(t) = fg oin(s)ds, put zg := f(0),
and set

N
fi= 1®$0+Z¢jn®a?jn-
n=1
Then lim; .o f; = f in C([0,T]; E) and lim, . f; = f" in CY([0,T]; E), so
im0 f; = f in CH([0,T; E). O

8.3 Existence and uniqueness: cylindrical Brownian
motion

We consider the stochastic abstract Cauchy problem

{ dU(t) = AU(t)dt + BdWg(t),  te[0,T), (SACP)

U(0) = z.

Here A is the generator of a Cp-semigroup {S(¢)}+>0 on E, Wy is an H-
cylindrical Brownian motion on (£2,.%,P), and B € £(H,FE) is a given
bounded operator.

An E-valued process {U(t)}ie[o,r] Will be called strongly measurable if it
has a version which is strongly Z([0,T]) x .#-measurable on [0,7] x 2.

Definition 8.5. A weak solution of the problem (SACD) is an E-valued pro-
cess {U(t) }repo,m) which has a strongly measurable version with the following
properties:

(i) almost surely, the paths t — U*(t) are integrable;
(ii) for all t € [0,T] and z* € D(A*) we have, almost surely,

t
(U (), 2% = (2,27 +/ (U(s), A*2*) ds + Wit (£)B* 2.
0
In order not to overburden notations, we do not distinguish notationally
the process {U*(t)}1e[o,r) from its version with the properties (i) and (ii).

Theorem 8.6. The following assertions are equivalent:

(1) the problem SACTP) has a weak solution {U*(t)}icio,1);
(2) t — S(t)B is stochastically integrable on (0,T) with respect to Wy.
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In this situation, for every t € (0,T) the function s — S(t — s)B is stochasti-
cally integrable on (0,t) with respect to Wy and almost surely we have

U(t) = S(t)z + /Ot S(t — s)B AW (s). (8.1)

Proof. We start by noting that ¢t — U?®(¢) is a weak solution corresponding
to the initial value z if and only if ¢ — U®(t) — S(¢)z is a weak solution cor-
responding to the initial value 0. Without loss of generality we shall therefore
assume that z = 0 and write U(¢) := U°(t) for convenience.

(1) = (2): We will show first that for all t € [0,7] and z* € P(A%?),
almost surely we have

t
{U(t),z*) = / B*S*(t — s)xz* dWg(s). (8.2)
0
Fix t € [0,7] and 2® € Z(A®). By Fubini’s theorem, almost surely the
identity

(U(s),z%) = /OS<U(7“), APx®) dr + Wy (s)B*x® (8.3)

holds for almost all s € (0,t); here we use that both terms on the right hand
side are jointly measurable on (0,¢) x 2. In combination with Lemma ET] this
gives, for any C!-function ¢ : [0,¢] — R,

/ ' (5){U(s), 2) ds
= /Ot @' (s) (/OS<U(7"),A®x®> dr) ds + /Ot ¢ (s)Wp(s)B*2® ds
= 6(t) /Ot<U(s),A©x©> ds — /Ot¢(s)<U(s),A%®> ds

+ ()W (1)B2® — / o(s)B"2® AW (s)

almost surely. Multiplying both sides of ([B3) with ¢(t), putting f := ¢ ® z©
and rewriting, we obtain

t

U0), F(1) = / (U(s), /() + A® f(s)) ds + / B f(s)dWn(s)  (3.4)

almost surely. By LemmaR applied to the Banach space 2(A®), this identity
extends to arbitrary functions f € C'([0,t]; 2(A®)). In particular we may
take f(s) = SO(t—s)z®, with 2© € Z(A®?). For this choice of f, the identity
B reduces to [B2).

So far we have proved that (&2 holds for functionals z* € 2(A®?). We
shall prove next that ([82) holds for functionals z* € E*. Then the stochastic
integrability of s — S(t — s)B on (0,t) follows from Theorem EI7
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The extension of (8Z) from functionals z* € Z(A®?) to functionals z* €
E* is not entirely straightforward since in general 2(A®?) is only weak*-dense
in £*. Let * € E* be arbitrary and fixed, and let weak*-lim, .. z} = x*
with all 7 € 2(A®?) (for instance, take x¥ = A3 R(\,,, A*)3z* with suitable
An — o0). By dominated convergence, for all f € L?(0,t; H) we have

n}g&)[ﬂ B*S*(t — )xy |2 0,6y = [f, B*S™ (t — )&" | 12(0,6,10)

It follows that for all N > 1, B*S*(t — -)x* belongs to the weak closure in
L2(0,t; H) of the tail sequence (B*S*(t — -)x})% . By the Hahn-Banach
theorem, B*S*(t — -)z* belongs to the strong closure in L?(0,t; H) of the
convex hull of this sequence. It follows that there exist vectors y3;, belonging
to the convex hull of (x7)> ., such that

1
1B*S7(t — Yy — B*S"(t = )"l 2oy < -
N

The isometry (G2) implies that

¢ ¢
Nlim B*S*(t — s)yny dWr(s) = / B*S*(t — s)a™ dWg(s)
— Jg 0

in L2(£2). By passing to a subsequence and using that weak*-limy_ o y3 = z*
(this follows from the fact that we used the tail sequence (z})5°  to define
Yy ), we obtain

(U(t),2") = lim (U(t),yy,) = lim B*S*(t — s)yn, dWn(s)

Jj—oo j— Jo
t
= / B*S*(t — s)x™ dWx(s)
0

almost surely.

(2) = (1): Suppose now that the function ¢t — S(¢)B is stochastically
integrable on (0,7"). This implies the stochastic integrability of s — S(t —
s)B on (0,t) for all t € (0,7]. We check that the process U defined by the
convolution &Il with z = 0 has a strongly measurable version which is a
weak solution of the problem (EACP]) with initial value z = 0.

To prove that U has a strongly measurable version we argue as follows.
As in the proof of Step 1 of Theorem (3)=(1) we may assume that H
is separable. Then by Proposition 4 the v(L?(0,T; H), E)-valued function
t — Ry is strongly measurable, where R; is the integral operator associated
with s+ 1(0,+)(5)S(t — s)B. By covariance domination, || R¢||y(z2(0,1;m),E) <
| Rl (L2(0,1;1),E)- Applying the Ité isometry of Theorem B4 we see that
U defines an element of L>(0,T; L?(£2; E)). The existence of a strongly mea-
surable version follows from this (cf. Example [C2T]).

Fix z* € 9(A*) and t € [0,T]. Then almost surely
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(U(t), A*2") = /Ot B*S*(t — 5)A*a" AWy (s).

By the stochastic Fubini theorem applied to ¢(s,t) := ljogsce<cr} B*S*(t —
s)z*, the L%(£2)-valued function t — (U(t), A*x*) is integrable on (0,7) and

/0t<U( ), A%z *>ds—/ / B*S*(s —r)A*z* AWy (r) ds
/ / B*S*(s —r)A*z* ds dWg(r)

:/ B*S*(t —r)a* — B*x* dWgy(r)
0

= (U(t),z*) — Wg(t)B*x™,

where all identities are understood in the sense of L2(f2). In particular the
identities hold almost surely.

It remains to check that the trajectories of U are integrable almost surely.
Let p¢ be the distribution of U(t) and let @ be its covariance operator. We
have

t
<th*,a:*>=/ 1B*S* (s)2* |4 ds < (Qra*,a) = (Ra*, a*).
0

Hence by Fubini’s theorem and covariance domination, for arbitrary but fixed
1 < p < oo we obtain

T T
E / U] dt = / / e|P dyue(z) dt < T / P dper () < oo
0 0 E E

This implies that almost all trajectories t — U (¢,w) belong to LP(0,T; E). O

Note that theorem contains the following uniqueness assertion: if U”
and U® are both weak solutions of ([SACP), then U* and U* are versions of
each other: both U%(t) and U*(t) equal the right hand side of (&I almost
surely. This justifies us to speak of ‘the’ solution of (SACH)).

Comparing the proof of Theorem B with that of Theorem [CT7 we observe
that the existence proofs are essentially identical, whereas the uniqueness parts
are very different. The reason is that the exceptional sets in the definition of
a weak solution of the stochastic problem ([SACP]) depend on ¢ and z*, which
prevents us from applying Proposition [CT4 almost surely. Because of this it
is no longer clear whether a weak solution is always a strong solution (cf.

Proposition [LTH]).

8.4 Existence and uniqueness: Brownian motion

Next we consider the problem (SACP) under the assumption that B €
v(H, E). In this situation the term ‘B dWy’ may be replaced by ‘dW 2’ where
WE is an E-valued Brownian motion canonically associated with B.
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Definition 8.7. An E-valued process (W (t))icio,r) is called an E-valued
Brownian motion if it enjoys the following properties:

i) W(0) = 0 almost surely;
i) Wt —s) and W(t) — W(s) are identically distributed Gaussian random
variables for all 0 < s <t < T
iil) W (t) — W (s) is independent of {W(r): 0 <r <s} forall0<s<t<T.

Proposition 8.8. Let (Wg(t))icjo,r) be an H-cylindrical Brownian motion
and let B € v(H, E). If (h,)S%, is an orthonormal basis of (ker(B))*, then:

(1) the sum
WE(t) := > W (t)hn ® Bhy,
n=1

converges almost surely and in LP(2; E), 1 < p < oo, for all t € [0,T];
(2) up to a null set, WP (t) is independent of the choice of the basis (hp);;
(3) the process (WB(t))ie(o,r) defines an E-valued Brownian motion.

The proof involves a straightforward application of Theorem BT noting
that for 0 < s < t < T the covariance operator of WB(t) — WE(s) equals
(t — s)BB*.

This proposition shows that for operators B € ~(H,E) the problem
(EATD) may be restated as

dU(t) = AU(t)dt + dWPB(t), te[0,T),
U(0) = z.

In the converse direction, every E-valued Brownian motion is of the form
W5 for canonical choices of H and B € v(H, E) (Exercise B).

Definition 8.9. Let B € v(H, E). A strong solution of [SACP) is a strongly
measurable E-valued process (U (t))iecjo,1) with the following properties:

i) the trajectories of U* are integrable almost surely;
ii) for all t € [0,T), almost surely we have f(f U?(s)ds € 2(A) and

U*(t) =z + A/t U*(s)ds + WE(t).
0

Theorem 8.10. Let B € v(H, E). The following assertions are equivalent:

(1) the problem (SACE) has a strong solution;
(2) the problem ([SACH) has a weak solution.

In this situation, the weak and strong solutions are versions of each other, and
both are given by &II).
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Proof. We only need to prove that (2) implies (1). We may assume that = 0.
Let U be a weak solution of (SACP]) with initial value x = 0. Fix t € [0,T].
We claim that the function ¥ : (0,t) — Z(H, E),

Uy (r)h = /t S(s —r)Bhds,

is stochastically integrable with respect to Wy and

/Ot r) dWi (r / Uls (8.5)

To see this, note that for all x* € E* the stochastic Fubini theorem gives
t
/Wt*( Ya* AWy (r //BS*s—rx ds dWrg(r)
0
t
= / / B*S*(s —r)a* dWg(r)ds = / (U(s),z*) ds,
o Jo 0

where the last identity follows from the assumption that U is a weak solution

and therefore satisfies (B). The claim now follows from Theorem
Also, from ¥ (r)h € P(A) and AW, (r)h = S(t —r)Bh — Bh it follows that

AW, : (0,t) — Z(H, E) is stochastically integrable with respect to Wy and

/t AWL(r) AWy () = /t(S(t _ B — B)dWu(r) = U(t) - W5(1),
0 0

where in the second identity we used that Wy (t)B*z* = (W (t), z*).

Combining these facts it follows that ¥, is stochastically integrable as a
function from (0,t) to Z(H, 2(A)). It follows that the left hand side of (BH)
defines a Z(A)-valued Gaussian random variable. Moreover, as A is bounded
from 2(A) to E, almost surely we have

A/O U(s)ds:A/O () AW (r /Awt Y AW (r) = U () — W ().

This shows that U is a strong solution. a
We may now apply the result of Exercise BH] as follows:

Corollary 8.11. Let E have type 2 and assume that B € v(H, E). Then the
problem (SACE]) has a unique strong solution, and this solution is given by
the convolution (B).

It can be shown that this solution has a version with continuous trajecto-
ries; this follows from the Da Prato-Kwapien-Zabczyk factorisation principle
which will be discussed later on. It appears to be an open problem whether,
in the more general situation of Theorems Bf and B0, a solution (if it exists)
always has a continuous version.
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8.5 Non-existence

In this section we present an example of a stochastic evolution equation driven
by a rank one Brownian motion which has no (weak or strong) solution.

Ezample 8.12. Let E = LP(T), where T denotes the unit circle in the complex
plane with its normalized Lebesgue measure. We let A = d/df denote the
generator of the rotation (semi)group S on LP(T), S(¢)f(6) = f(6+t mod 27).
Consider the stochastic Cauchy problem

{ dU(t) = AU(t) + ¢dW, t € [0,2n], (8.6)

U(0) =0,

where W is a standard real Brownian motion and ¢ € L?(T) is a fixed element.
This problem has a weak solution if and only if the operator R := Ro, :
L?(T) — L?(T) of Theorem (with T' = 2m) is y-radonifying. Let (hy,)5%,
be an orthonormal basis for L?(T). For all N > M > 1, by Fubini’s theorem
and the Khintchine inequality we have

N 2 N
p p
EH > YuRhy, :/ IEJ‘ " uRha(6 ’ o
n:M7 Le(T) 0 n:M7 )

o N 2\ % a L
[ ) -5 )

Now,

N

N 2 N
Z |Rhn(9)|2 = Z ‘/ hn(t)¢(9 + ¢t mod 27‘() dt‘Q = Z |[hn, ¢0]L2(T)|2
n=M 70 n=M

n=M

where ¢y (t) := ¢(0+t mod 27). Via an application of the Kahane-Khintchine
inequality we deduce that R € v(L*(T), LP(T)) if and only if ¢ € L*(T). In
particular, for p € [1,2) and ¢ € LP(T) \ L*(T) the resulting initial value
problem has no weak solution.

It is not a coincidence that a nonexistence is obtained in the range p € [1,2)
only. Indeed, for p € [2,00) the space LP(T) has type 2, and therefore Corollary
guarantees the existence of a strong solution for (&4).

8.6 Exercises

1. This exercise offers an alternative approach to the integration by parts
formula of Lemma The starting point is the fact that if 57 is a real
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Hilbert space, ¢ : [0,7] — R is of bounded variation, and ¢ : [0,T] — 7
is continuous, then

/'w ) d(t) /'¢ ) d ()

where both integrals are interpreted as Riemann-Stieltjes integrals in 7.
Let (W (t))ejo,r) be a standard Brownian motion.

a) Show that the function ¢ : [0,¢] — L?(£2), %(t) := W(t), is continuous.
b) Deduce Lemma from the above integration by parts formula.

. Let (W(t))+e[o,r) be an E-valued Brownian motion. Show that there exists
a unique Gaussian covariance operator @ € .Z(E*, E) such that

E(W(s),z")(W(t),y") = min{s, t}(Qz", y")

for all 0 < s,t < T and z*,y* € E*.
Hint: Cousider @ := Qr/T, where Qr is the covariance of W (T').

. We consider the problem (SACP]) with initial value x = 0 and assume
that it admits a weak solution U. Prove that U is a Gaussian process with
covariance

min{s,t}
wvwxﬂxvaxw>:ﬂg [B*S*(s — r)a*, B*S*(t — r)y"] ds

for all 0 < s,t < T and z*,y* € E*.

. We consider the problem (SACTP]) with initial value x and assume that it
admits a weak solution U”.

a) Prove that the solvability of the problem ([SACP) is independent of
the time T'. More precisely, show that if (SACP]) has a weak (resp.
strong) solution on some interval [0,7], then it has a weak (resp.
strong) solution on every interval [0, 7).

Hint: Use the semigroup property and Theorem

By a) and uniqueness, U* extends to a solution on [0, 00). For f € C,(E)
and t > 0 we define the function P(t)f : E — R by

P(t)f(x) :=Ef(U*(t), =€k,
b) Explain why for all f € C,(F) and ¢t > 0 we have the identity

/f (D + ) dyie(y),

where j1; denotes the distribution of the random variable UY(t).
c¢) Deduce that P(t)f € Cp(E).
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d) Prove the identity
frets = pre % S () s,
where * denotes convolution and S(t)us is the image measure of ps
under the operator S(t).

Hint: Use Fourier transforms and observe that for the covariances Q;
of U°(t), t > 0, we have the identity

Qirs = Qi + S(t)QsS™(t).

e) Deduce that P = (P(t)):>0 is a semigroup of operators on Cy,(E), in
the sense that P(0) = I and P(t)P(s) = P(t+s) for all t,s > 0.
f) Prove that for all z € E and f € Cp(E) we have

lim P(1) /() = (@)

uniformly on compact subsets K of F.
Hint: By the remark in Exercise BH, the process

V() == S(t)a + /Ot S(s)BdWrg(s), te0,T],

has a continuous version (a proof will be given later in this course).

Now use b) together with the observation that for each fixed ¢t € [0, T

the random variables U*(t) and V*(t) are identically distributed.
Remark: By considering (real and imaginary parts of) trigonometric poly-
nomials of the form x — exp(i(x,z*)) it is not hard to show that P fails
to be a Cp-semigroup on C,(E) (and even on the closed subspace UCh(FE)
of all bounded uniformly continuous functions) unless A = 0.

5. In addition to the assumptions of the previous exercise, let us assume that
there exists a Borel probability measure po, on E such that limy_, o iy =
lhoo 1 the sense that

tim [ 1) d@) = [ f()dic(a)

t—o0

for all f € Cy(E).
a) Prove the identity
Moo = put % S(t)pioo-
b) Prove that peo is an invariant measure in the sense that for all f €
Cy(E) and t > 0 we have

| PO dun = [ e

c¢) Prove that P extends to a Cy-semigroup of contractions on the space
LP(E, piss), 1 < p < 0.
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Notes. The theory of (linear and non-linear) stochastic evolution equations in
Hilbert spaces dates back to the 1970s and was developed extensively through
the efforts of the Italian and Polish schools around DA PRATO and ZABCZYK.
A comprehensive overview is given in the monographs [27, 28] by these two
authors. Parts of the theory have been extended to (martingale-)type 2 spaces;
we refer to the review paper by BRZEZNIAK [T5] and the references given there.

The results of Section B3 are taken from [84] and generalise known Hilbert
space results and improve the preliminary Banach space results of [I6]. The
proof of theorem Theorem essentially follows the Hilbert space proof in
[27]. The theory of adjoint semigroups was initiated by PHILLIPS, who proved
Proposition B2 and noted as a consequence that E© = E* if E is reflexive.

The equivalence of weak and strong solutions in the case where B is -
radonifying is taken from an unpublished note by VERAAR.

The example in Section is from [84]. Such examples cannot exist in
Hilbert spaces, due to Corollary BTl

The semigroup P of Exercises Bl and H is called the Ornstein-Uhlenbeck
semigroup associated with A and B. The literature on this class of semigroups
is extensive, with contributions by many mathematicians. Using It6’s formula
it can be shown that the infinitesimal generator L of P is given, on a suitable
dense subspace of 2(L) cousisting of cylindrical functions, by

Lf@) = %Tr (BB*D2f(x)) + (Az, Df(x)), x € D(A),

where D denotes the Fréchet derivative and Tr the trace. The first term in the
right hand side is the ‘diffusion part’ corresponding to B Wy and the second
is the ‘drift part’ corresponding to A.

The clever argument in part f) of Exercise H is due to VERAAR. A self-
contained analytic proof can be found in see [42].

For a systematic account on invariant measures for stochastic evolution
equations we refer to DA PRATO and ZABCZYK [28)].



