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Linear equations with additive noise 11

In this lecture we pick up the thread of Lecture B and continue our investiga-
tion of the stochastic abstract Cauchy problem with additive noise,

dU(t) = AU(t) dt + BdWg(t), te[0,T],
U0) ==z

The goal is to prove optimal Holder regularity results for the solutions in the
parabolic case, that is, for operators A generating an analytic Cy-semigroup.
Since the problem is solved by

U(t) = S(t)x + /Ot S(t—s)BdWrg(s)

it suffices to concentrate on the case z = 0. Assuming that z = 0 and
B € ~v(H,E), we shall prove that U has a Holder continuous version for

any exponent a < % The main technical tool is the y-boundedness of the

family {t°(—A)*S(t): t € (0,T)} for 0 < @ < 3 < & (Lemma [MIT7). Thus
by the y-multiplier theorem (Theorem [IT4) this family acts as a multiplier
in y(L?(0,T; H), E). This provides a powerful tool for estimating the above
stochastic integral.

10.1 Analytic semigroups

We begin with a discussion of analytic semigroups. In this section, all Banach
spaces are complex. In later sections we shall return to the setting of real
Banach spaces and apply the results to their complexifications.

We begin with a definition (cf. Exercise [AB]).

Definition 10.1. Let D C C be open. A function f: D — FE is analytic if
i f6) = I(0)

z—20 Z— 20
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exists in E for all zg € D.

Clearly, if f is analytic, then (f,2*) is analytic for all 2* € E*. In com-
bination with the Hahn-Banach theorem, this fact may be used to show that
many results on scalar-valued analytic functions extend to the vector-valued
setting.

For n € (0, 7] define the open sector

Ly ={2€C\{0}: |arg(z)| <n},
where the argument is taken in (—, 7.

Definition 10.2. A Cy-semigroup S on E is called analytic on X, if for all
x € E the function t — S(t)x extends analytically to Xy and satisfies

lim S(z)x ==.
z€X,,2—0

We call S an analytic Cy-semigroup if S is analytic on X, for somen € (0,7].

The supremum of all € (0, 7] such that S analytic on X, is called the
angle of analyticity of S.
If S is analytic on X, then for all z1, 20 € X, we have

S(Zl)S(ZQ) = S(Zl + ZQ).

Indeed, for each = € E the functions z; — S(z1)S(t)x, S(¢)S(z1)z, and S(z1 +
t)x are analytic extensions of s — S(s+¢)x and are therefore equal. Repeating
this argument, the functions zo +— S(21)S(22)x, S(22)S(21)x, and S(z1 + 22)x
are analytic extensions of ¢t — S(z1 + t)x and are therefore equal.

As in the proof of Proposition [[3 the uniform boundedness theorem im-
plies that if S is analytic on X, then S is uniformly bounded on X, N {z €
C: |z] <r}forall 0 <n <mnandr > 0. Thus it makes sense to call S
a uniformly bounded analytic Cy-semigroup if S is uniformly bounded on X,
for some n € (0, x]. Clearly, if A generates an analytic Cp-semigroup on X,
then for any 0 < ' < 7 the operator A — u generates a uniformly bounded
analytic Cp-semigroup on X, if 1 (depending on ') is large enough.

Theorem 10.3. For a closed and densely defined operator A the following
assertions are equivalent:

(1) there exists n € (0, 37 such that A generates a uniformly bounded analytic
Co-semigroup on Xy;
(2) there exists 0 € (3, 7| such that Xg C o(A) and sup |AR(X, A)|| < oo
AEXy

(3) S(t)x € 2(A) for all x € E and t > 0, and sup t||AS(t)] < co.
>0
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In this situation, the suprema 7 and 6 for which (1) and (2) hold are related
by %7‘(‘ + 1 = 0. Furthermore we have the representation

S(t)xr = L/ ' R(z,A)xdz, t>0, z€E,
2m Jr

where I" is the upwards oriented boundary of Yg: \ B for some 0/ € (3m,0)
and B is a closed ball centred at the origin.

Proof. (1)=(2): By Proposition [[R if G is the generator of a uniformly
bounded Cp-semigroup, then {ReX > 0} C o(G) and AR(A, Q) is uniformly
bounded on every proper sub-sector X,, 0 < p < %7‘(.

Let S be the Cy-semigroup generated by A and let it be uniformly bounded
on the sector X,. The implication (1)=(2) follows by applying the above
observation to the uniformly bounded Co-semigroups (S(e”'t));>o with 0 <
7’ < n, whose generators are e’ A. This gives the uniform boundedness of
AR(A, A) on the union of all sectors e”"Ep for 0 <y <nand 0 < p < 3m,

which equals X -y This argument also proves the inequality 0> %7‘(‘ + 7.

T+n

(2)=(3): First we prove that the conditions of (2) imply the integral
representation for S(t)z.

The integral converges absolutely for all ¢ > 0 and x € E, and as a
function of ¢ it extends to a bounded analytic function on the sector X, for
any i’ < ¢ — 1. This proves the inequality 0 < 2T+ ).

Fix t > 0 and x € E. For u > 0 such that u ¢ B define
1

_ = zt _ \—1
vu(t)x—2m, Fe (W—2)7""R(z,A)z dz.

Our aim is to show that v, (t)z = S(¢)R(u, A)x. Then,

St)r = lim S(t)pR(p, A)z = lim pv,(t)z = L e*'R(z, A)x dz,
p—00 11— 00 21t Jp

where the first equality follows from Lemma [Z9 and the last is obtained by
splitting ' = [,; UL o with [,y ={z € : ||z <r}and [, o ={z € I:
||| = r}: for large fixed r, the integral over I 5 is less than ¢, uniformly with
respect to p > 2r, while the integral over I, ; tends to % fFr ) e R(z, A)x dz
by dominated convergence. Now pass to the limit r — oco. ’

The strategy is to prove that ¢ — v, (t)x is a weak solution of the Cauchy
problem

u'(t) = Au(t), te]l0,T],
u(0) = R(p, A)x.

Then t — v, (t)x is a strong solution by Proposition[ZT8and by the uniqueness
part of Theorem [LT7 it follows that v, (t)x = S(t)R(u, A)x.
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It is easily checked that ¢ — v, (t) is integrable on [0, T'| (even continuous),
and for all z* € Z(A*) we obtain

/ (ouls), 472" ds‘/ 3 [ =) B A A deds
/ 2m/ p—2)""(zR(z, Az — x, ") dz ds

()/ / p—2)"HzR(z, A)x, x*) dz ds
2mi

_ —1 *
2m (€ =D =2) T R At dz
(= L

271i GZt(M_2)71<R(27A)x7x*>d2_ <R(/J,,A)£E,£E*>
r

Here the equality (x) follows from the observation that by Cauchy’s theorem

we have
1

—1 _=zs
— — *dz=0
i (,u Z) e z s

since u & B is on the right of I'. The equality (xx) follows from

1
[ (= )" R(z Ay, a%) dz = (R(p, A)a, 2)
2w Jp
by the analyticity of the resolvent (Exercise [AZ]) and Cauchy’s theorem.

Now we are ready for the proof that (2) implies (3). Fix t > 0 and z € E.
Since

M i= sup | AR(z, A)|| = sup |2R(z, A) — I
zell zell

is finite, the integral ﬁ / re”R(z, A)Ax dz converges absolutely. From Hille’s
theorem we deduce that S(t)z € Z(A) and

1
— / e”R(z, A) Az dz.
r

211

AS(t)x =

By estimating this integral and letting the radius of the ball B in the definition
of I" tend to 0, it follows moreover that

M o0 !’
AS(tz| < — Preostqp = ¢
48] < el [ e dp =17 .

(3)=(1): For all x € Z(A"), t — S(t)z is n times continuously
differentiable and S (t)x = A"S(t)r = (AS(t/n))"x. Since Z(A") is
dense, the boundedness of AS(¢/n) and closedness of the nth derivative in
C(]0,T); E) together imply that the same conclusion holds for z € E. More-
over, |S™(t)z| < C™n"/t"||z||, where C is the supremum in (3). From
n! > n"/e™ we obtain that for each ¢ > 0 the series
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|

Z—z—tnS("()

3

converges absolutely on the ball B(t,rt/eC) for all 0 < r < 1 and defines
an analytic function there. The union of these balls is the sector X, with
sinn = 1/eC. We shall complete the proof by showing that S(z) is uniformly
bounded and satisfies lim, .o S(z)z = « in X, for each 0 < 1’ < n. To this
end we fix 0 <7 < 1. For z € B(t,rt/eC) we have

o0

15(2)z]| < Zir (t/eC)"C™n™ [t"]|x]| < Zr"llxl\

n=0

This proves uniform boundedness on the sectors 2. To prove strong continu-
ity it then suffices to consider z € 2(A), for which it follows from estimating
the identity

S(z)x — 2 = e / S(se'?) Az ds
0
where z = re?. O

Remark 10.4. We will use analyticity only through condition (3), which gives
a ‘real’ characterisation of analyticity. In the context of semigroups on real
Banach spaces this condition could be taken as the definition for analyticity,
which has the advantage of avoiding the digressions through complexified
spaces. In concrete examples, however, it is often easier to check analyticity
using Definition or condition (2) of Theorem

By a rescaling argument we obtain:
Corollary 10.5. If A generates an analytic Cy-semigroup S on E, then

limsup t||AS(t)]| < oo.
t10

From the fact that S(t)z € Z(A) for all ¢t > 0 and z € E we deduce:

Corollary 10.6. If A generates an analytic Cy-semigroup S on E, then for
all initial values x € E the problem [ACP) has a unique classical solution,
which is given by u(t) = S(t)z.

10.2 Fractional powers

Throughout this section we assume that A is the generator of a Cy-semigroup
S on F which is uniformly exponentially stable in the sense that there exist
constants M > 1 and u > 0 such that ||S(¢)|| < Me™#t for all t > 0.

The next definition is motivated by the trivial identity
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1 oo
c = —/ t*teetdt, >0,
I'(a) Jo
where I'(o) = [ t**e~"dt is the Euler gamma function.

Definition 10.7. For 0 < a < 1 we define the fractional power (—A)~ of

—A by the formula
1 oo
—A) % = —/ t*1S(t)xdt, z€E.
(A= g [ s

Note that (—A4)~* is well-defined and bounded on E and commutes with
S(t) for all £ > 0. Sometimes it is useful to extend the definition to the limiting
values o € {0,1} by putting (—A4)° = and (—A)~! = AL

Lemma 10.8. For all 0 < o, B < 1 satisfying 0 < o+ 8 < 1 we have
(—A) (A = (~A) (=4 = (=)

Proof. Tt suffices to prove that (—A)~%(—A)~" = (~A)=#; the other iden-
tity follows upon interchanging o and f.
For all x € E we have

(—A)"(—A) Pz = # /OO /DO t* 18718 (s + t)a ds dt

= / / t* (s —1)P718(s)x ds dt

W/O (/0 27 (s — 1)° 7 dt) S(s)ards

» 1 /°° atB-1 —a-p
= = S S(s)xds =(—A x,
I'(a+B) Jo =) =4)
where the identity (x) follows from
1 /s . s-1 saJr,Bfl /1 . 41 saJr,Bfl
— | Y7 (st dt = ——— T 1—7 dr = ——.
r@r@h " O T tre Sy T T@+0)

Indeed, computing as above,

e} 1
/ sotB-1ra— 11 T)’@*lefsdes
0

o0
/to‘ s —t)P~te* dtds
0

oo oo
/ tal

[e%S)
/ tozlﬁl—efdsdt
0

1
F(a—i—ﬂ)/ o7 1 — 1) dr =
0
(s
s—t “le=Sdsdt

I
— — —

8

0
()T

I
™~
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Lemma 10.9. We have supy. 1 ||[(—4)7%| < 0.

Proof. We estimate ||(—A)~ x| by

H/ t=15(1) xdtH—i— H/ 15 (t) xdtH—

Now,

)

M| M| M| /°° I M|
I) < = . (D)< = [ e lemmt gy <
< @) = Fasn O e -

and both right hand sides are uniformly bounded for 0 < o < 1. O
Lemma 10.10. For all x € E, o — (—A)"%x is continuous on [0, 1].
Proof. First let x € P(A) and put Az = y. An integration by parts gives

1 DO a—1 —

1 © .
:_—af(a),/o t*S(t)y dt

__ /Ooo (7“51 - 1)ty dr,

where we used that + = A~ ly = — fo

(-A) %z —x =

(t)y dt. Hence, for any r > 1,

I(=A)""z — 2| <

1‘dt+CM||y||/ toemnt gt

WhereC—supHF(aJrl —t% 0<a<l, t> 1} Choosing r > 1 so large

that the second term is less than € and then passing to the limit « | 0 in the
first, we obtain the continuity of @ — (—A)™%z at a = 0 for x € Z(A4). In
view of the previous lemma, continuity at o = 0 for all x € F follows from
this.

The continuity of a — (—A)~“z at @ = 1 is proved in the same way, this
time noting that for all z € Z(A) we have

toz—l

(—A) %z — (=A) e = /ODO (m - 1)S(t)a: ds.

Finally the continuity for a € (0, 1) follows from the continuity at « = 0 and
the ‘semigroup’ property of Lemma O

Lemma 10.11. For 0 < a < 1 the operator (—A)™% is injective.

Proof. Suppose (—A)~%z = 0. Then Lemma [ implies (—A) #z = 0 for
all o < 3 < 1, and Lemma [0 gives A~ '2 = 0. Hence = = 0. O
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This lemma suggests the following definition.
Definition 10.12. For 0 < o < 1 define (—A)® := ((—A)~)~L.

As an unbounded operator with the range of (—A)~“ as its natural domain,
(—A)* is a closed and injective operator in E. With respect to the norm

Izl ((—a)) = [(=A)%], (10.1)

2((—A)*) is a Banach space and (—A)® : Z((—A)*) — E is an isometric
isomorphism. For later reference we note that Z(A) is dense in Z((—A)%).
Indeed, for any = € Z((—A)%) we have limy_.oc AR(A, A)(—A)%x = (—A)z,
and since R(A, A) and (—A)* commute this means that limy_,oc AR(A, A)x =
x in the norm of 2((—A)%).

Lemma 10.13. For 0 < a < 1 we have
(AT (AT = (AT (AT = (AT
Proof. This follows from Lemmas and [T

(—4) "t =lim(=A) Pz = lim(=A) = (= A)* Pz = (- 4) (- A4)* 1z D

In the next two lemmas we assume that the Cy-semigroup 5, in addition
to being uniformly exponentially stable, is analytic.

Lemma 10.14. For all 0 < a < 1 and t > 0 the operator (—A)*S(t) is
bounded and we have

sup 2| (— ) S(1) | < o

>0

Proof. Since S is analytic, S(t) maps E into Z(A) and sup, t||AS(t)]] < co.
The boundedness of (—A)*S(t) follows from the boundedness of AS(t) by the
identity (—A)*S(t) = —(—A)*"TAS(¢).

To prove the estimate, note that for all x € F we have

« _ —1 > —a
(—A)*S(t)x = Ti—a) /0 sTYAS(t + s)x ds,
so, for t > 0,
A0l € pr—s [~ 570+ ol a
z|| < Ta—a) /, s s x| ds
_ tha > —« —1 O
= Ti—a) /0 T 1+ 1) || dr.

Lemma 10.15. For all 0 < a < 1 we have

sup ¢ S(B)(~4)™" ~ (~4) | < ox.
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Proof. From the identity (—A)~%(—=A)z = (—=A)!7z for x € Z(A) and
Lemma [T we obtain, for ¢ > 0,

SO (=A)" " = (=A) "z < / [(=A)""AS(s)z[| ds < %lell,

where C' = sup- o t' || (— A)tes(t .

In the next section we shall consider generators A of analytic Cp-semigroups
which are not necessarily uniformly exponentially stable. In this situation,
fractional powers still can be defined for the shifted operators A — A with A
large enough. The next lemma states that the resulting domains 2((A — A)%)
are independent of .

To make things more precise, let A be the generator of an arbitrary Cy-
semigroup on F and suppose M > 1 and p € R are such that ||S(¢)|| < MeH
forallt > 0.

Lemma 10.16. For all 0 < oo < 1 and A\, Ao > p we have
Z((M — A)*) =2((A2 — A)%)
with equivalent norms.

Proof. The linear operator (Ao — A)~%(A; — A)* is a bounded and injective
mapping from Z((A; — A)%) onto Z((A\2 — A)*) with inverse (A — A)~*(A\z —
A)*. Thus 2((A1 —A)%) and Z((A\2— A)*) are isomorphic as Banach spaces. It
remains to prove that Z2((A; — A)*) = P((\2 — A)?) as linear subspaces of F.
But this follows from the fact that these spaces are the completions of Z(A)
with respect to the equivalent norms || - [|g((x,—a)e) and || - [|z((rg—a)e). O

This proposition justifies the notation E, = Z((A — A)*)); this defines
FE, as a Banach space up to an equivalent norm.

10.3 Holder regularity

We now turn to the stochastic abstract Cauchy problem

{ dU(t) = AU(t) dt + BdWy(t),  t€[0,T], (SACPy)
0

U(0) = 0.

We shall assume throughout this section that A generates an analytic Cp-
semigroup S on E satisfying ||S(¢)|] < Me* for certain M > 1, u € R, and
all ¢ > 0.

The key lemma for proving Holder regularity of the solutions of ([SACP)
reads as follows.
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Lemma 10.17. For all real numbers «, 8,m = 0 satisfying 0 < a+n< <1
and A > i, the set
{tPN—=A)"S(t): t € (0,T)}

is R-bounded (and hence y-bounded) in £ (E, E,), with ~y-bound O(TP=2~"),

Proof. For all z € E the Z(E, E,)-valued function ¥ (t)z := t3(\ — A)"S(t)x
is continuously differentiable on (0,7") with derivative

V() = BtPH N — A)1S () + P (A — A)TAS(t)z,

where the second expression on the right hand side is well-defined since we

may write AS(t) = S(t/2)AS(t/2). By Lemma [[0L.T4
HLpl(t)”g(E,Ea) < Ctﬁiainila te (Oa T)a
where C' is a constant depending on 7T'. Here we estimated the second term as

[(A=A)TAS()| 2(B,E.) = [[(A = A)"S(t/2)AS(t/2)| 2(E,E.)
< Ct 7" AS(t/2)|| < C't—o 1

Since t#~~"~1 is integrable, the lemma follows from Theorem LA O

After these preparations we are ready to state and prove the main results
of this lecture. The first is an existence result.

Theorem 10.18. If B € ~(H, E), then the £Z(H, E)-valued function t +—
S(t)B is stochastically integrable on (0,T) with respect to Wg. As a con-
sequence, the stochastic Cauchy problem ([SACP) associated with A and B
admits a unique strong solution.

Proof. By Theorems and it suffices to check that the function @(t) =
S(t)B is stochastically integrable with respect to Wy, or equivalently, that
the operator

T
Rof = / S(1)f(t)dt, | e L2(0,T; H),

is y-radonifying from L2(0,7T; H) to E.
Pick a number 3 € (0, 1) and write

O(t) =tPS(t)[t P B] ==t S(t)¥(t),

where ¥(t) := t~?B. By Lemma[[lLT@ and the y-multiplier theorem (Theorem
FLT4), the operator Rg belongs to v(L2(0,T; H), E) once we know that Ry €
v(L?(0,T; H), E). But this is immediate from the result of Exercise ElB since
t — =P belongs to L?(0,T) and B belongs to v(H, E). O
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Under the assumptions of the theorem we define the E-valued process
(U(t))te[o,T] by

U(t) == /Ot S(t — s)B dWi (s).

In order to formulate the second main result, for a Banach space F' and
0 < B < 1 we define CA([0,T]; F) as the space of all continuous functions
u: [0,T] — F for which

wp ()= u(s)]

< o0.
ogs<t<r (t—8)8

The elements of C#([0, T]; F) are said to be Hélder continuous of exponent 3.

Theorem 10.19 (Hoélder regularity). Under the assumptions of the previ-
ous theorem, for all o > 0 and B > 0 satisfying o+ 5 < % and 1l < p < oo the
solution U belongs to LP(£2; E,) and there exists a constant C > 0 such that
for all0 < s,t < T,

8=

EIUE) = U$)|E,)" <Clt—s|.
As a consequence, for all « > 0 and B > 0 satisfying a + 3 < % the process
(U(t))iejo,1) has a version with trajectories in CP([0,T]; Ey).

Proof. By the Kahane-Khintchine inequality it suffices to prove the LP-
estimate for p = 2.

Fix @« > 0 and 8 > 0 such that a + § < % Let us first prove that for
all t € [0,T] the random U(t) takes its values in E, almost surely. We do
so by showing that S(-)B is stochastically integrable as an £ (H, E,)-valued
function. Fix v < § < 1. Then {t?S(t) : t € (0,T)} is y-bounded in .Z(E, E,)
by Lemma [[LIA As we have seen, the function t — t~?B defines an operator
in v(L(0,T; H), E) of norm [[t=%||12(0,7)|| Bl (#1,5)- Now Theorem BT and
the identity S(t)B = t%S(t)t~% B imply that

[Rs()Bllv20,1;m),5.) < ClIBllym,5)-
Fix 0 < s < t < T. By the triangle inequality in L2(12; E,),

2)%
E

o

2)%
E./)

Choose A € R sufficiently large in order that the fractional powers of A — A
exist. For the first term we have, for any choice of € > 0 such that a4 8+¢ < %,
and using Lemmas and [LTH,

(€100 - UGIE,)* < (B] [ 8¢ - s -npave)

+ (EH /: S(t—r)B dW(r)‘
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E| /05[5(75 )= S(s = nBW ()|

Ea

~ IEH /Os(s _p)atBre (X = A)BS(s — )
X (s — 1)~ P=E[S(t — 5) — I[|(A\ — A)PB dW(r)H2
< o /Os(s p)eBe[S(t— s) — T](A — A)PB dW(r)H2

= 02||[S(t —8)— I](,\ — A)_ﬂBui(H,E)/O (s — T)—z(a+g+e) dr

< C?|[S(t—5) = IJN = A)PIPIB|2 g,y s™ )
< CR(t - 5)25||B||3(H,E)-

Similarly,

1EH /: S(t—r)B dW(r)‘

2

E()L

~ ]EH /St(t —7)E PN = A)S(t—r)(t - T)_%deW(T)HZ

t . 2
< C?E /(t—r)*ﬁﬁBdW(r)H

S

t
= By [ (t= )P ar
< CRIBI2 (1, ) (t = 9)*°.

The first part of the theorem follows by combining these estimates.
For the second part, pick 8 < 3’ < % — a. Given p > 1, by the above we
find a constant C' such that for 0 < s,t < T,

E[U(t) - U(s)[%, < CPlt - s/°™.

a

For p large enough the existence of a version with g-Holder continuous tra-
jectories now follows from Kolmogorov’s theorem (Theorem [E3). O
Example 10.20. For the stochastic heat equation in L?(0,1) with Dirichlet
boundary conditions, Theorem [MITY implies the existence of a solution U
with trajectories in € C"([0,T]; C°[0,1]) for all n,6 > 0 satisfying 2n+6 < 1.
This will be shown as a special case of a more general space-time regularity
result in the last lecture.

10.4 Exercises

1. a) Show that the heat semigroup S on LP(R?) with 1 < p < oo (Example
[20) is analytic on the sector X 1 and uniformly bounded on every
proper subsector of X .
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Hint: Put S(z)f = K, * f, where K, is the analytic extension of the
heat kernel. Use Young’s inequality together with the estimate

= (L)

b) Show that in L?(R?), S is contractive on Yin

Remark: Using interpolation theory, the above results imply the estimate

s < (o) " Reta) > o.

. This exercise gives a two-dimensional example of a bounded analytic Cp-
semigroup which is uniformly exponentially stable, contractive on R, and
fails to be contractive on any open sector containing R .

On R? consider the norm || - ||¢ induced by the inner product [z,y]g :=
[Qx,y], where [, -] represents the standard inner product of R? and

2 -1
=[]
a) Show that the symmetric matrix @ is positive and conclude that [, -]g

does indeed define an inner product on R2.
On (R?,] - |l@) we consider the Cyp-semigroup S,

S(t) = e Ll) ﬂ .

b) Show that ||S(¢)]lq = e *(t + Vt? + 1) and conclude that S is con-
tractive on R;.

Hint: Use the fact that [|S(t)[|3, equals the largest eigenvalue of S(t)S*(t)
(the adjoint refers to the inner product [, ]g). For this, solve the equation
det(S(t)Q1S5'(t) — AQ™1) = 0, where S’(t) is the transpose of S(t).

On the complexification C? of R? we consider the inner product

<£E,y>Q = <Qx7y>v

where this time (-, -) represents the standard inner product of C2. Prove

that the complexified semigroup S has the following properties:

c) S extends to an entire Cp-semigroup which is uniformly bounded on
the sector X, for all 0 < n < %7‘(.

d) S fails to be contractive on any open sector X,,.
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This exercise gives necessary and sufficient conditions for a closed densely
defined operator A in E to generate an analytic Cp-semigroup which is
contractive on a sector X,,. For x € E we define

Ox) ={a" € E": |lzl| = [l«"[], {x,2") = [[=[ll|l="]}-

By the Hahn-Banach theorem, for all € E we have d(z) # @. Let A be a

closed densely defined operator in E and assume that o(A) N (0, 00) # @.

Prove that the following assertions are equivalent:

(1) A generates an analytic Cp-semigroup on E which is contractive on
an open sector Xy;

(2) There exists a constant C' > 0 such that for all non-zero z € Z(A)
and all z* € 9(z) we have

Im(Ax,2*)| < —CRe(Az, z*);

(3) There exists a constant C' > 0 such that for all non-zero z € Z(A)
there exists x* € d(x) such that

Im(Ax,2*)| < —CRe(Az, z*).

Hint: For (1)=(2) differentiate the function Re(S(te™ )z, z*) for || < n
and z* € 9(x). For (3)=(1) observe that if cot n = C, then for x and z* as
indicated and A = re™ with |n’| < n we have ||[(A—A)z| > r||z| = || ||=]].

Suppose that A is a closed linear operator with (0,00) C p(A) and

supy>o(A + D[R, A)|| < o0

a) Show that X, C o(A) and supycy, [A + 1|[|R(A, A)|| < oo for some
n > 0.

Define
1

o 271 r

(—A4): (=2)""R(z, A) dz,
where I" is the upwards oriented boundary of ¥, U B, where B is a closed
ball centred at the origin.
b) Show, by using Cauchy’s formula, that for all x € E we have
sin

(—A)oz = ‘”/ AR\, A)z dA.
0

™

¢) Now assume that A generates a uniformly exponentially stable Cp-
semigroup S and prove that the definition in b) agrees with Definition

a2

In this exercise we sketch an alternative approach to Theorem[[ILTd, whose
notations and assumptions we use.

Let U(t) = fg S(t — s)BdWg(t). Being the weak solution of the problem
dU(t) = AU(t) dt + B dWpy with initial value U(0) = 0, the process U has
a version with integrable trajectories. Using this version we define
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V() = /0 U(s) ds.

Let Wp be the Brownian motion canonically associated with B and Wy
(see Proposition BF). Fixing 0 < a < %, we note that Wp has a version
with trajectories in C*([0,T7]; E') by Kolmogorov’s theorem.

a) Show that almost surely, the following identity holds for all ¢t € [0, T:

V() = /0 S(t — $)Wi(s) ds.

b) Show that almost surely, U has trajectories in C*([0,T7]; E).
Hint:  Show that almost surely, the trajectories of V belong to
C1([0,T]; E) and have derivatives in C*([0,T]; E).

¢) Refine this argument to obtain the result of Theorem [LTY

Notes. The results of Sections [l and [ are standard.

Theorem can be found in most textbooks on semigroups (see the
Notes of Lecture [d). We have tried to shorten the proof as much as pos-
sible. Of course, much more is to be said about the representation of the
operators S(t) in terms of the resolvent R(A, A). Indeed, this formula is a
special case of the complex inversion formula for the Laplace transform, and
suitable generalisations can be given to arbitrary Cy-semigroups. We refer to
ARENDT, BATTY, HIEBER, NEUBRANDER [3] for a thorough discussion of this
topic. A systematic treatment of analytic semigroups and their applications
to parabolic evolution equations is given in the monograph of LUNARDI [72].
Exercise @is taken from [42].

Fractional powers of unbounded operators are discussed in ARENDT,
BATTY, HIEBER, NEUBRANDER [3], HAASE [45], LUNARDI [(2], and PAzYy
[89]. We followed the presentation of [89]. Our approach is rather ad hoc and
was designed to keep the technicalities at a minimum. A more systematic
approach starts from the Dunford integral along the lines of Exercise @l

The results of Section [[MI3 are taken from [34]. The proof of Theorem [MLTY
presented here contains a simplification due to VERAAR. Our results generalise
the Hilbert space case which is due to DA PRATO, KWAPIEN, ZABCZYK [26].
The approach of [26] is based on a factorisation trick which is based on the
identity

1

e, ¢ e =

valid for 0 < a < 1 and ¢t > r > 0. This identity allows one to write the
solution process as a repeated integral. Holder regularity is then obtained
by applying the stochastic Fubini theorem and exploiting the regularising
properties of fractional integrals. This method was extended to Banach spaces
by MILLET and SMOLENSKI [77]. The idea of Exercise H is taken from Da
PRrRATO, KWAPIEN, ZABCZYK [26].



