11

Conditional expectations and martingales

Having finished our discussion of the stochastic Cauchy problem with additive
noise, we now turn to the more difficult case of equations with multiplicative
noise, where the fixed operator B € Z(H, FE) is replaced by an operator-
valued function B : E — Z(H, E):

dU(t) = AU(t)dt + B(U(t))dt, te[0,T),

The solutions are then no longer given in closed form by the explicit formula
E). Instead, they arise as fixed points of the stochastic integral equation

Ult) = S(t)z + /0 St — $)B(U(s)) AW (s).

The new difficulty here is that integrand is an .Z(H, F)-valued process de-
pending on U. This requires an extension of the stochastic integration theory
of Lecture [fl to this more general situation. As it turns out, in the setting of
UMD Banach spaces this can be achieved by a decoupling technique which
reduces the construction of the stochastic integral to the one already covered.

In this lecture we introduce the notion of E-valued martingales. They
will be used to define UMD Banach spaces as the class of Banach spaces
FE such that certain a priori estimates hold for F-valued martingales. This
may sound rather technical, but the important fact is that Hilbert spaces,
LP-spaces (1 < p < 00), and spaces constructed from these, are UMD spaces.
From the point of view of applications, the UMD spaces therefore constitute
an important class of spaces.

11.1 Conditional expectations

Throughout this section we fix a probability space (£2,.%#,P) and a sub-o-
algebra & of %#. For 1 < p < oo we denote by LP(£2,%) the subspace of



152 11 Conditional expectations and martingales

all £ € LP(§2) having a ¥-measurable representative. With this notation,
LP(02) = LP(2, F).

Lemma 11.1. LP(2,9) is a closed subspace of LP(S2).

Proof. Suppose that (£,)22; is a sequence in LP((2,%) such that lim,_, &, =
& in LP(£2). We may assume that the &, are pointwise defined and ¥-
measurable. After passing to a subsequence (when 1 < p < o) we may
furthermore assume that lim, .. &, = & almost surely. The set C' of all
w € {2 where the sequence (&,(w))22; converges is ¥-measurable. Put

§ = limy, o 10§, where the limit exists pointwise. The random variable
£ is Y-measurable and agrees almost surely with £. This shows that £ defines
an element of LP(§2,9). O

Our aim is to show that LP(£2,%) is the range of a contractive projection
in LP(£2). For p = 2 this is clear: we have the orthogonal decomposition

LX) = L*(2,9) © L*(2,9)*

and the projection we have in mind is the orthogonal projection, denoted
by Py, onto L?(§2,%) along this decomposition. Following common usage we
write

E(¢|9) = Pg€, &e L*(92),

and call E(£|¥9) the conditional expectation of £ with respect to ¢. Let us
emphasise that E(£|%) is defined as an element of L%(£2,%), that is, as an
equivalence class of random variables.

Lemma 11.2. For all £ € L*(2) and G € 4 we have

/G E(¢[4) dP = /G ¢ dP.

As a consequence, if € = 0 almost surely, then E(£]9) > 0 almost surely.

Proof. By definition we have ¢ — E(£|¥9) L L?(02,%). If G € ¥, then 1¢ €
L2(£,9) and therefore

/Q 16(¢ — E(€)9)) dP = 0.

This gives the desired identity. For the second assertion, choose a ¢4-measurable
representative of g := E(£]|¢) and apply the identity to the ¥-measurable set

{g < 0}. 0

Taking G = (2 we obtain the identity E(E(¢|¥)) = E&. This will be used
in the lemma, which asserts that the mapping & — E(£]9) is L'-bounded.

Lemma 11.3. For all £ € L*(02) we have E|E(¢|9)| < E|¢].
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Proof. It suffices to check that |[E(£|9)| < E(|¢]|9), since then the lemma
follows from E|E(£|9)| < EE(|¢||¥9) = E|¢|. Splitting & into positive and
negative parts, almost surely we have

[E(|9)| = |E(ET9) —E(19)]
< [EET9)| + [EET19)] =E(ET|9) +E(E19) =E(|¢]|¥). O

Since L?(2) is dense in L!(£2) this lemma shows that the conditional
expectation operator has a unique extension to a contractive projection on
LY(£2), which we also denote by E(-|¢). This projection is again positive in
the sense that it maps positive random variables to positive random variables;
this follows from Lemma by approximation.

Lemma 11.4 (Conditional Jensen inequality). If ¢ : R — R is converz,
then for all € € LY(2) such that ¢ o & € L*(£2) we have, almost surely,

poE(|Y) <E(¢pofl9).

Proof. If a,b € R are such that at + b < ¢(t) for all ¢ € R, then the positivity
of the conditional expectation operator gives

aB(§|9) + b = E(a§ + b|¥) < E(¢ 0 £[9)

almost surely. Since ¢ is convex we can find real sequences (a,,)52; and (b, )52
such that ¢(t) = sup,,»;(ant +by) for all ¢ € R; we leave the proof of this fact
as an exercise. Hence almost surely,

¢oE(|4) = sup anE(§|¥) + bn <E(90¢|9). D

Theorem 11.5 (LP-contractivity). For all 1 < p < oo the conditional ex-
pectation operator extends to a contractive positive projection on LP(§2) with
range LP(£2,%9). For £ € LP({2), the random variable E(£|¥Y) is the unique
element of LP(2,9) with the property that for all G € ¥,

/E(f%)dP:/gdP. (11.1)
G G

Proof. For 1 < p < oo the LP-contractivity follows from Lemma [T applied
to the convex function ¢(t) = [¢t|P. For p = oo we argue as follows. If £ €
L>°(2), then 0 < [¢] < ||€]|ooln and therefore 0 < E(|£]]¥) < ||€]|cols2 almost
surely. Hence, E(|¢] [#) € L(£2) and |[E(€] 1) | < €]l

For 2 < p < oo, () follows from Lemma For & € LP(2) with
1 < p < 2 we choose a sequence (£,)2%; in L?(£2) such that lim, ., &, = £
in LP(£2). Then lim, o E(,|9) = E(¢|¥) in LP(£2) and therefore, for any
GeY,
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/G]E(g|s4) dIE”:JLH;O/GIE({M%)dP:nILH;O/G{ndP:/GfdlE”.

If n € LP(2,9) satisfies [,ndP = [,&dP for all G € ¢, then [,ndP =
fG (€]9)dP for all G € ¢. Since both n and E(¢|¥) are ¥-measurable, as
in the proof of the second part of Lemma ] this implies that n = (€|€4)
almost surely.

In particular, E(E(£|9)|9¢) = E(£|9) for all £ € LP(£2) and E(§|¥) = ¢ for
all £ € LP(£2,%). This shows that E(:|¢) is a projection onto LP(£2,¥). O

The next two results develop some properties of conditional expectations.

Proposition 11.6.
(1) If ¢ € LY(82) and S is a sub-c-algebra of 4, then almost surely

E(E(¢|9)|A) = E(E]A).

(2) If € € LY(92) is independent of 4 (that is, £ is independent of 1 for all
G €9 ), then almost surely

E(¢]¥) =

(3) If¢ € LP(12) andn € LU(02,9) with 1 < p,q < o0, %—l—
surely

% =1, then almost

En¢|9) = nE(§|).

Proof. (1): For all H € # we have [, E(E({|9)|)dP = [, E({|9)dP =
Jy; €dP by Theorem [TH first applied to 7 and then to & (observe that
H € ¥). Now the result follows from the uniqueness part of the theorem.

(2): For all G € ¢4 we have [, E§dP = ElgE{ = Elgé = [, £dP, and the
result follows from the uniqueness part of Theorem [TH

(3): For all G,G" € 4 we have [,1aE(£|9)dP = [, E(|¥)dP =
Jone €dP = [, &1g dP. Hence E({1e|9) = 1a/E(£]¥) by the uniqueness
part of Theorem [[TA By linearity, this gives the result for simple functions
71, and the general case follows by approximation. O

If ¢ is a collection of subsets of (2, then o(%) denotes the o-algebra
generated by ¥, that is, the smallest c-algebra in {2 which contains all
sets of €. In this context we shall use self-explanatory notations such as
E(¢|?) :=E(¢|o(%)) and E(£|%1,62) := E({|o(€1 U %2)).

If n : 2 — E is a random variable, then o(n) denotes the o-algebra
{n~Y(B) : B € %(E)}. This is the smallest o-algebra in {2 with respect to
which 7 is Borel measurable. Again, notations such as E(¢|n) := E(£|o(n))
and E(&|m, n2) := E(&|o(n1,n2)) are self-explanatory.

Proposition 11.7. Let 4 and H be sub-c-algebras of F, let £ € L1(02), and
suppose that F is independent of o(£,%). Then, almost surely,

E(|, ) = E({|D).
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Proof. First we claim that o(¥,5¢) is generated by the collection % of all
sets of the form GNH with G € 4 and H € 7. Indeed, from G =GNN € €
and H = 2N H € € we see that € contains both ¢ and 7.

Next, from (G1NHy)N(GaNH) = (G1NG2)N(H1NHy) it follows that €
is closed under taking finite intersections. This being said, the strategy is to
apply Dynkin’s lemma. By considering positive and negative parts separately
we may assume that £ > 0 almost surely. Also we may assume that E£ > 0,
since otherwise there is nothing to prove.

For GN H € ¥ we have

| megorw= | cap-Eain
GnH GNH
@ ElgE(1g€) = E1gE(16E(£|9))

D Bc1uBEe) = [ B
GnH
In (i) and(ii) we used the independence of 7 and ¢(§,%). By Dynkin’s lemma,
applied to the probability measures p(C) := ]E—lg JoE(E|¥, ) dP and v(C) :=
E_lg Jo E(€|9) dP it follows that p = v on (%) = 0(¥, 7). This means that

/E(ag,%)dﬂ»:/mag)dp VC € o(, H)
C C

and the result follows. m|

11.2 Vector-valued conditional expectations

Our next aim is to extend the conditional expectation operators from LP({2)
to LP(§2; E), where FE is an arbitrary Banach space.

Let us fix 1 < p < oo for the moment and let (A4, %7, ) be an arbitrary
o-finite measure space. For a Banach space E we denote by LP(A) ® E the
linear span of all functions of the form f ® x with f € L?(A) and = € E.

Lemma 11.8. LP(A) ® E is dense in LP(A; E).

Proof. It has been observed in Lecture [l that the p-simple functions are dense
in LP(A; E). Clearly these belong to LP(A) ® E. O

Suppose next that a bounded linear operator T' on LP(A) is given. We may
define a linear operator T ® I on LP(A) ® E by the formula

(ToD(fezr):=Tf® .

We leave it to the reader to check that the resulting linear operator on L”(A)®
E is well-defined. In view of Lemma one may now ask whether T'® I
extends to a bounded operator on LP(A; E). Unfortunately, without additional
assumptions this is generally not the case. For positive operators T on LP(A)
we have the following result.
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Proposition 11.9. If T' is a positive operator on LP(A), then T ® I extends
uniquely to a bounded operator on LP(A; E) and we have

T I =T
Proof. Let g € LP(A) ® E be a p-simple function, say g = 25:1 la, ® z,

with the sets A,, € &/ mutually disjoint. Then from the positivity of T we
have |T14] = T'1y4, and we obtain the estimates

N N
p P
TS 14, ® 2, :/‘ T1a, ®wnl| du
H( ); Lr(AE) A 712::1
N p
< / STt enl| dp
A n=1
N p
= [ |
A n=1
N p
<t [ |5 1l ds
A n=1
N p
= ||T||? 1 n .
” ” nz::l 4, @ Lr(AE)

Since the p-simple functions are dense in LP(A; E), this proves that T ® I has
a unique extension to a bounded operator on LP(A4; E) of norm || T®I|| < || T
Equality |T®I|| = ||T| is obtained by considering functions of the form f®x
with f € LP(A) and = € E of norm one. O

Returning to conditional expectations we obtain the following result:

Theorem 11.10. For 1 < p < oo the operator E(:|¥9) ® I extends uniquely
to a contractive projection on LP(§2; E) with range LP(§2,%; E). For all X €
LP(£2; E), the random variable

E(X|9) = (E(|19) X

is the unique element of LP(£2,9; E) with the property that for all G € 4,

me%wzéxw

Proof. For 1 < p < oo the LP-contractivity follows from Proposition T3

Before continuing with the case p = oo, let us note that for a simple
random variable of the form X = Zﬁf:l 14, ® z,, with disjoint sets A, € F
we have
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N
<D E(4,[9)llzall = E(IX]||9).

n=1

N
IEXI)] = | E(a,9) @
n=1

By a density argument, this inequality extends to arbitrary random variables
X € LY(2;E). By inclusion, this implies the corresponding inequality for
random variables X € LP(£2; FE), 1 < p < co.

Next let X € L®°(§2; E). Then || X|| € L°°(£2), and by the inequality
which has just been proved together with the contractivity of the conditional
expectation in L°°({2) we obtain

IECXI9) | (i) < IEAXTID) 2@y < NIX N e ) = 15 e 258

This proves that the conditional expectation is a contraction in L>°(2; E).
For simple random variables X, the identity [, E(X|¥)dP = [, X dP fol-
lows from the corresponding assertion in the scalar case. By density, the iden-
tity extends to random variables X € L1(£2; E), and hence for X € LP(2; E),
1 < p < co. The uniqueness assertion follows from the scalar case via Corol-

lary [CT4 O

We leave it to the reader to check that Propostions[[T6 and [T.d extend to
the vector-valued setting and finish this section with two important examples.
We have already encountered the first example in the proof of Theorem EI7

Ezample 11.11 (Averaging). Consider a decomposition (0,1) = Ui\;l I,
where the I, are disjoint intervals with Lebesgue measure || > 0. Let .#
be the Borel o-algebra of (0,1) and let 4 be the o-algebra generated by the
intervals I,,. Let E be a Banach space. Then for all f € L(0,1; E) we have

1

N
E(f19) = chlln with ¢, = 7,

n=1

This is verified by checking the condition of Theorem [[TH

£() dt.

Ezample 11.12 (Sums of independent random wvariables). Let (£,)52; be a
sequence of independent integrable F-valued random variables. For each n > 1
let Z, :=0(&,...,&,) andput S, =& + -+ &, Thenforall N >n > 1
we have

E(SNL?n) = Sp + E(§n+1) +oeF E(&V)
This follows from Proposition [Td (1), (2). In particular, if the &, are centred,

E(SN|-Zn) = Sh.

11.3 Martingales

Let (£2,.%,P) be a probability space and (I, <) a partially ordered set, that
is, a set I with a relation < which satisfies the following properties:
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(1) i<iforalliel;
(2) i< jandj<iimplyi=j;
(3) i <jand j <k imply ¢ < k.

Definition 11.13. Let I be a partially ordered set. A filtration with index set
I is a family (F;)ier of sub-o-algebras of F such that F; C F; whenever
i <jinI. A family (X;)icr of E-valued random variables is adapted to the
filtration (%;)icr if each X; is strongly F;-measurable.

In this definition the random variables are defined pointwise. The defini-
tions carry over to equivalence classes modulo null sets, provided one replaces
‘is strongly .%;-measurable’ with ‘has a strongly .%;-measurable representative’
in the definition of adaptedness.

Every family X = (X;)es is adapted to the filtration (.%#;X);cr, where
FX :=0(X;: j<i). We call this filtration the filtration generated by X.
Definition 11.14. A family (M;);er of integrable E-valued random variables
is an FE-valued martingale with respect to a filtration (%;):cr if it is adapted

with respect to (F;)ier and
E(M;|.%;) = M;

almost surely whenever i < j in I. If in addition E||M;||P < co for all i € I,
then we call (M;);er an E-valued LP-martingale.

Example 11.15. Let X € L'(£2; E) be given. For any filtration (.%;);cz, the
family (X;);es defined by
X, =EX|#)

is a martingale with respect to (%;);cr; this follows from Proposition [TH (1).

In most examples, [ is a finite or infinite interval in Z or R. In these cases
one speaks of discrete time martingales and continuous time martingales. Here
are two examples.

Ezample 11.16 (Sums of independent random wvariables). If X = (X)), is
a sequence of independent integrable E-valued random variables satisfying
EX, =0 for all n > 1, then the partial sum sequence (S,)52; is a martingale

with respect to the filtration (Z.X)%;, where

FX =0(X1,..., X,).

n
This is immediate from Example

Ezample 11.17 (Brownian motion). Every Brownian motion (W (t))c(o,7 is a
martingale with respect to the filtration (#");c(0,7) defined by
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Adaptedness and integrability being clear, it remains to show that
E(W (1)) = W(s)

almost surely for all 0 < s < ¢ < T. Writing W (t) = W(s) + (W (t) — W(s)),

and noting that W(s) is .ZYY -measurable and W () — W (s) is independent of

ZW (this will be proved in a moment), with Proposition [Tl (2), we obtain
EW (1) 7,") = W(s) + E(W(t) — W(s)) = W(s)

S
almost surely.

That W (t) — W (s) is independent of Z is a consequence of the following
general observation:

Lemma 11.18. A random variable X is independent of the family (Y;);er if
and only if X is independent of the o-algebra generated by (Y;);e.r.

Proof. Let X take its values in E and each Y} in Fj.

We begin with the ‘only if’ part. Suppose that X is independent of
(Yj)jes. By definition this means that X is independent of (Yj,,...,Y;,)
for all j1,...,jn € J. In particular,

P({X € B}nC) = P{X € B}P(C) (11.2)

for all sets C' = {Y}, € By,...,Y;, € By}. The collection of all such sets C,
which we shall denote by ¥, is closed under taking finite intersections and
generates o((Y});cs). We must show that (ITIZ2) holds for all C' € o((Y}) c)-
Fix B € #(F) and assume without loss of generality that P{X € B} > 0.

Consider the probability measure Pg on ({2, %) defined by

_ P{X e B}NF)
Pu(F) := P{X € B}

The measures Pp and P coincide on ¥, and therefore they coincide on 0(%) =
o((Y;)jes) by Dynkin’s lemma.

To prove the ‘if” part it suffices to observe that the sets {(Yj,,...,Yjy) €
B}) with B € B(Ej;, x --- x Ej) belong to o((Y;);es)- O

More generally, this argument can be used to show that two families
(Xi)ier and (Yj);es are independent of each other if and only if o((X;)ier)
and o((Y;),es) are independent.

Our final example will be used in the next lecture.

Ezample 11.19 (Martingale transforms). A real-valued sequence v = (v,,)N_;
is said to be predictable with respect to a filtration (%,)N_; if v, is %, _1-
measurable for n = 1,..., N (with the understanding that .%y = {&, 2}, so
vy is constant almost surely). If M = (M,,)"_; is an E-valued martingale with

respect to (%,))_,, the sequence v * M = ((v* M), )N_, defined by
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(v M), = Zvj(Mj - M;_1), n=1,...,N

Jj=1

(with the understanding that My = 0) is called the martingale transform of
M by v.

The intuitive meaning is as follows. Suppose the increment M; — M;_,
represents the outcome of the j-th gambling game. The assumption that M
is a martingale means that the game is fair. Let v; be the stake a player
puts on this game. The requirement that v; be %, _;-measurable means that
the stake has to be decided knowing the outcomes of the first 7 — 1 games
only. The random variable (v * M), then represents the total winnings after
game n. An obvious question is whether the player can devise a favourable
strategy. Under a mild additional assumption the answer is ‘no’: if the v,
are bounded, then v * M is a martingale with respect to (%,))_,. Let us
prove this. Clearly, v+ M is adapted with respect to (%,)Y_; and the random
variables v, (M, — M, _1) are integrable. By Proposition [T0 (3) and the
Fn—1-measurability of (v M),_; and v,,

E((v* M)p)|Fn-1) = (v M)p_1 + v, E(M,, — My_1|Fpi—1) = (v* M)p_1.

11.4 LP-martingales

An important inequality for LP-martingales, due to DOOB, states that for
1 < p < oo the maximum of an LP-martingale is in LP again.

Let M = (M,,)"_; be an E-valued martingale with respect to F = (%, )_;
and define My, : 2 — Ry by

My == max || M,].

1<n<N
Theorem 11.20 (Doob). For all r > 0 we have
P{M} > 1} < %EHMNH.
If1 <p<ooand My € LP($2; E), then M}, € LP(£2) and
IM3 ]y < 2 1M .

Proof. The proof proceeds in two steps.
Step 1 — We claim that for all » > 0,

rP{M} > r} < E(Lparg >y | M), (11.3)

This implies the first inequality.
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Let us fix r > 0 and define 7 : 2 — {1,...,N + 1} by 7 := min{l <
n < N : ||M,| > r} with the convention that min@ := N + 1. Then
{M} > r} ={r < N}. On the set {r = n} we have ||M,| > r and therefore

N N
rP{MF >} =r> P{r=n} <Y E(l{r_p|Mal)
n=1 n=1
Oy

<D E(L =M ) = E(1r<ny | M)
n=1
=EQ (g >ry | MN]))

which gives ([I3)). The inequality () follows from the martingale property,
since almost surely we have

[ M| = E(Mn|Fn)|| < E([[Mn[|[Fn)-

Step 2 — Next let 1 < p < oo and assume that | My, < co. We may
assume that || M3 ||, > 0, since otherwise there is nothing to prove. Integrating
by parts and using ([[T3) and Hoélder’s inequality,

||M;V||g:/ prp_llP’{MX,>r}dr</ PP 2E (1 ars 5oy | M) dr
0 0

M,
:E(HMNH/ pri =2 dr)
0

= SR

p * —1
< HIIMNIIpIIMNHﬁ :

The result follows upon dividing both sides by ||M |51 O

We shall apply the first part of Doob’s inequality to prove the following
result on convergence of certain LP-martingales.

Suppose a filtration (.%,)52, is given on (§2,.#,P). We denote by Foo
the o-algebra generated by (%,)22 ;, that is, Fo is the smallest o-algebra
containing each of the .%,.

Theorem 11.21. Let 1 < p < oo and assume that X € LP(2; E). Then,

lim E(X|Z,) = E(X|Zx)

both in LP(§2; E) and almost surely.
Proof. We claim that | )~ , LP(£2, %#,; E) is dense in LP(£2, Zo; E). Assuming

this for the moment we first show how the LP-convergence is obtained from
this.
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For allY € LP(f2, #,,; E) and n > m we have E(Y |.#,) = E(Y|%x) =Y,
and therefore we trivially have lim,_,. E(Y|#,) =Y in L?({2, #; E). Since
the conditional operators are contractive, it follows that lim, .., E(Y|.%,) =
Y in LP(, Z; E) for all Y € LP(£2, Fo; E). In particular this is true for
Y =E(X|%x).

Let us next prove that (- | LP(£2, %,; E) is dense in LP(2, F; E). Let
% be the collection of all sets G € %, with the property that for all e > 0
there exists an n > 1 and a set F' € %, such that P(FAG) < e. Here,
FAG = (F\ G)U(G\ F) is the symmetric difference of F and G. Tt is easily
checked that the collection of all approximable sets is a sub-o-algebra of % .
Clearly, this o-algebra contains each .%,,, and therefore it contains %.

By what we have shown so far, G € Z, implies that 1¢ = limg_. 1g,
in LP(§2; E), where Gy, € %#,, for some n; > 1. It follows that every simple
function of LP(2, Zu; E) is contained in the closure of | J -, LP(£2, %,; E)
in LP(02, #; E). As a consequence, all of LP(2, #.; E) is contained in the
closure of |Jo—, LP(92, %, E).

So far we have proved the LP-convergence. To prove the almost sure conver-
gence, note that by the first part of Theorem [[T.20 and monotone convergence
we have

1
IE”{ sup || M, || > r} < —supE||M,]|,
n>1 T n>1

where we put M,, := E(X|.%,,) for brevity. Applying this with X replaced by
X — My, for all n > N we obtain

1
]P{ sup | M,, — My|| > r} < — sup E[|M,, — My||.
n>N "n>N
By what we have proved already we find indices N3 < No < ... such that

1
sup E||M,, — M —.
:;Ek H ) Nk” < 92k

With r = 1/2* this gives

1 1
1}»{ M, — M —} <=
ns;lgk ” Nlc” > ok ok
The Borel-Cantelli lemma now implies that lim,, . M, = M = E(X|F )
almost surely. a

11.5 Exercises
1. Let f,g be random variables on 2. Prove that if f is o(g)-measurable,

then f = ¢ o g for some Borel function ¢.
Hint: First suppose that f =14 with A € o(g).
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2. a) Let Xi,...,Xn be independent and identically distributed integrable
FE-valued random variables and put Sy = X1 + - - + Xy. Show that
E(X1|Sn) = -+ = E(Xn|Sn) and deduce that E(X,|Sy) = Sn/N
foralln=1,...,N.

b) (!) Let X and Y be independent and identically distributed integrable
E-valued random variables on {2. Prove that E(X —Y|X +Y) = 0.

3. Let (M;);er be a martingale with respect to the filtration (.%;);cs, and
let (¥%;)icr be a filtration which is independent of (%;);cs. Define the
filtration (J%);c1 by 4 = 0(%#;,%;). Show that (M;);cs is a martingale
with respect to (J4)icr.

4. Let Wy be an H-cylindrical Brownian motion. The filtration (.Z2"* )te[0,T]
generated by Wy is defined by .ZV" = o(Wy(s)h: s €[0,t], h € H).
a) Show that for all h € H and 0 < s < t < T the increment Wy (t)h —
Wi (s)h is independent of ZFWV# .
b) Show that for all h € H the Brownian motion (W (t)h)ic(o,r] is a
martingale with respect to (%" )telo,T]-

5. This exercise is a continuation of Exercise on averaging operators.
Using the notations introduced there, show that for all f € LP(0,T; E)
we have lim,, .., A, f = f almost everywhere.

Notes. An elementary introduction to the theory of martingales is the book by
WiLLIAMS [109]; for more comprehensive treatments we refer to KALLENBERG
[55] and ROGERS and WILLIAMS [95]. A systematic account of the vector-
valued theory can be found in DIESTEL and UHL [36].

The results of Sections [Tl and are standard. The approach taken
in Section [Tl by first defining conditional expectations in L?(£2) by an or-
thogonal projection is the most elementary one and, in our opinion, the most
intuitive. A shorter, but less elementary approach is to define conditional ex-
pectations in L!(£2) by the identity (IIJ]) and then to use the Radon-Nikodym
theorem to prove their existence and uniqueness.

For further results on vector-valued extensions of positive operators we
refer to the nice paper by HAASE [46].

The proof of Doob’s inequality (Theorem [[TZT) is standard and can be
found in many textbooks. It only requires the fact that (||M,||)Y_; is a non-
negative submartingale, that is, it satisfies ||M,| < E(||My]||-%mn) almost
surely for all m < n.

The proof of the martingale convergence theorem (Theorem [[TZT]) is taken
from [36]. In the scalar theory it is true that any L!'-bounded martingale
converges almost surely, with convergence in L! if the martingale is uniformly
integrable (which is the case, e.g., if the martingale is LP-bounded for some
1 < p < 00). For Banach space-valued martingales E, the same result holds if
FE has the so-called Radon-Nikodym property. Examples of spaces with this
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property are reflexive spaces and separable dual spaces. We refer to [36] for
the full story.

It is worth mentioning the following result of DAvIS, GHOUSSOUB, JOHN-
sON, KwAPIEN, MAUREY [30], which generalises the 1t6-Nisio theorem to E-
valued martingales:

Theorem 11.22. Let E be an arbitrary Banach space and suppose that
(M) is an L'-bounded E-valued martingale. For an E-valued random
variable M the following assertions are equivalent:

(1) For all z* € E* we have limy,, oo (M, z*) = (M, z*) almost surely;

(2) For all z* € E* we have limy,_, oo (M, z*) = (M, z*) in probability;

(3) limy,— 00 My, = M almost surely;

(4) limy,— oo M,, = M in probability.

If M € LP(§2; E) for some 1 < p < oo, then M, € LP(§2; E) for alln > 1 and
we have limy,_,oo M,, = M in LP({; E).

Note that the It6-Nisio theorem holds without any integrability conditions.
It is clear that in the above theorem we need to impose integrability of the
random variables M,, in order to define the their conditional expectations.
In [30] a simple example is given which shows that even the L!-boundedness
condition on the M,, cannot be omitted.



