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The first order DE:
The general form of a DE is:

Y/ () =F(x,y(x)]
With:

> y(x) the unknown function.
> F(x,y(x)) a given expression in x and y (x).

Example:

Given: y’(x) + x(y(x))? + sin(y(x)) = x2.

Question: What is F(x,y(x))?

Answer: x2 — x(y(x))? — sin(y(x)).

Remark: For convenience we write y instead of y (x).
So we write the DE as y’ + xy? + sin(y) = x?
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The first order DE:

Other notations of y’(x) = F(x,y(x)) are:
> & (X) = F(x.y(x)) or
> dy = F(x,y))dx.

> (%) +x(y(x))? + sin(y (x)) = x?,
> y/ 4 xy? +sin(y) = x?,

» ¥4 xy? +sin(y) = x2,

» dy = (x? — xy? —sin(y))dx
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The first order DE:

Other notations of y’(x) = F(x,y(x)) are:
> F(x) =F(x,y(x)) or
» dy = F(x,y))dx.

So
> y'(x) +x(y(x))? + sin(y (x)) = x2,
>y +xy? +sin(y) = x?,
» ¥4 xy? +sin(y) = x2,
» dy = (x? — xy? —sin(y))dx

are different notations for the same DE.
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The Seperable DE:

A first order DE with general formy’ = F(x,y), is called
separable if we can write F(x,y) as a product g(x)h(y)
where g is a function of the only variable x, and h a function
of the only variable y.
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A first order DE with general formy’ = F(x,y), is called
separable if we can write F(x,y) as a product g(x)h(y)
where g is a function of the only variable x, and h a function
of the only variable y.

y' = F(x,y) is separable if F(x,y) = g(x)h(y)

Example
Which of the following DE’-s is separable:

» (X + 1)y’ =xsin(y).

>y =Xx+Yy.
» dp = (t?p — p +t2 — 1)dt (p = p(t), p is the depended
variable.)
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The Seperable DE:

A first order DE with general formy’ = F(x,y), is called
separable if we can write F(x,y) as a product g(x)h(y)
where g is a function of the only variable x, and h a function
of the only variable y.

y' = F(x,y) is separable if F(x,y) = g(x)h(y)

Example
Which of the following DE’-s is separable:

» (X + 1)y’ =xsin(y).

>y =Xx+Yy.
> dp = (t?p — p +t2 — 1)dt (p = p(t), p is the depended
variable.)

Answer: Only the first and the last one.
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The solution of a Seperable DE:

Assumption: y' = F(x,y) is separable.

Then: g{ = g(x)h(y) for some functions g and h.
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After the integration step [ -+ Aoy = Jg(x)dx, we find an
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Example:
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»

»

Given the familiar DE: y’ = y.
This equivalent with %dy = dx. We ignore in this step the solution y(x) = 0.

The integration step [ %dy = [ dx gives the equation In |y| = x + C. Hereinis C the integration
constant.

Solving for y gives (in steps):
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> After the integration step [ -+ Aoy = Jg(x)dx, we find an
equation in x and y, which we can try to solve fory.

Example:
P Given the familiar DE: y’ =y.
P This equivalent with %dy = dx. We ignore in this step the solution y(x) = 0.

P The integration step [ %dy = [ dx gives the equation In |y| = x + C. Hereinis C the integration
constant.

P Solving for y gives (in steps):
> ly| =etC,

> |y| = eXe® = Ke*, with K a positive constant
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The solution of a Seperable DE:

» Assumption: y’ = F(x,y) is separable.

» Then: g{ = g(x)h(y) for some functions g and h.

» The last is equivalent to ﬁdy = g(x)dx, the actual
separation.

> After the integration step [ -+ Aoy = Jg(x)dx, we find an
equation in x and y, which we can try to solve fory.

Example:
P Given the familiar DE: y’ =y.
P This equivalent with %dy = dx. We ignore in this step the solution y(x) = 0.

P The integration step [ %dy = [ dx gives the equation In |y| = x + C. Hereinis C the integration
constant.

P Solving for y gives (in steps):
> ly| =etC,

> |y| = eXe® = Ke*, with K a positive constant
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The solution of a Seperable DE:

» Assumption: y’ = F(x,y) is separable.

» Then: g{ = g(x)h(y) for some functions g and h.

» The last is equivalent to ﬁdy = g(x)dx, the actual
separation.

> After the integration step [ -+ Aoy = Jg(x)dx, we find an
equation in x and y, which we can try to solve fory.

Example:
P Given the familiar DE: y’ =y.
P This equivalent with %dy = dx. We ignore in this step the solution y(x) = 0.

P The integration step [ %dy = [ dx gives the equation In |y| = x + C. Hereinis C the integration
constant.

P Solving for y gives (in steps):
> ly| =etC,

> |y| = eXe® = Ke*, with K a positive constant

> So the general solution is y = Le* with L a real number.
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A Seperable DE in an application :
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A Seperable DE in an application :
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A Seperable DE in an application :

» Given: The temperature decrease of boiled coffee in a cup is
proportional with difference of the temperature of the coffee
and the constant temperature of the surroundings (20°C).
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A Seperable DE in an application :

» Given: The temperature decrease of boiled coffee in a cup is
proportional with difference of the temperature of the coffee
and the constant temperature of the surroundings (20°C).

Question: Can you predict (calculate) the temperature of the
coffee after 1 minute?
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A Seperable DE in an application :

» Given: The temperature decrease of boiled coffee in a cup is
proportional with difference of the temperature of the coffee
and the constant temperature of the surroundings (20°C).

Question: Can you predict (calculate) the temperature of the
coffee after 1 minute?
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A Seperable DE in an application :

» Given: The temperature decrease of boiled coffee in a cup is
proportional with difference of the temperature of the coffee
and the constant temperature of the surroundings (20°C).

Question: Can you predict (calculate) the temperature of the
coffee after 1 minute?

» Answer: The "situation-translation" gives the DE:

dL(t) = —K(T(t) — 20).
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A Seperable DE in an application :

» Given: The temperature decrease of boiled coffee in a cup is
proportional with difference of the temperature of the coffee
and the constant temperature of the surroundings (20°C).

Question: Can you predict (calculate) the temperature of the
coffee after 1 minute?

» Answer: The "situation-translation" gives the DE:

dL(t) = —K(T(t) — 20). Constant K is the positive

proportional constant.
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A Seperable DE in an application :

» Given: The temperature decrease of boiled coffee in a cup is
proportional with difference of the temperature of the coffee
and the constant temperature of the surroundings (20°C).

Question: Can you predict (calculate) the temperature of the
coffee after 1 minute?

» Answer: The "situation-translation" gives the DE:

dL(t) = —K(T(t) — 20). Constant K is the positive

proportional constant.
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A Seperable DE in an application :

» Given: The temperature decrease of boiled coffee in a cup is
proportional with difference of the temperature of the coffee
and the constant temperature of the surroundings (20°C).

Question: Can you predict (calculate) the temperature of the
coffee after 1 minute?

» Answer: The "situation-translation" gives the DE:
dL(t) = —K(T(t) — 20). Constant K is the positive
proportional constant.

» The DE is separable, solving this in steps:
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A Seperable DE in an application :

» Given: The temperature decrease of boiled coffee in a cup is
proportional with difference of the temperature of the coffee
and the constant temperature of the surroundings (20°C).

Question: Can you predict (calculate) the temperature of the
coffee after 1 minute?

» Answer: The "situation-translation" gives the DE:
dL(t) = —K(T(t) — 20). Constant K is the positive
proportional constant.

» The DE is separable, solving this in steps:

> Separation gives: 7905 = —Kat
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A Seperable DE in an application :

» Given: The temperature decrease of boiled coffee in a cup is
proportional with difference of the temperature of the coffee
and the constant temperature of the surroundings (20°C).

Question: Can you predict (calculate) the temperature of the
coffee after 1 minute?

» Answer: The "situation-translation" gives the DE:
dL(t) = —K(T(t) — 20). Constant K is the positive
proportional constant.

» The DE is separable, solving this in steps:

> Separation gives: 7905 = —Kat
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A Seperable DE in an application :

» Given: The temperature decrease of boiled coffee in a cup is
proportional with difference of the temperature of the coffee
and the constant temperature of the surroundings (20°C).

Question: Can you predict (calculate) the temperature of the
coffee after 1 minute?

» Answer: The "situation-translation" gives the DE:

dL(t) = —K(T(t) — 20). Constant K is the positive

proportional constant.
» The DE is separable, solving this in steps:
> Separation gives: dezo = —Kdt
> Integration gives: In |T — 20| = —Kt + Cy, with integration constant C; .
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A Seperable DE in an application :

» Given: The temperature decrease of boiled coffee in a cup is
proportional with difference of the temperature of the coffee
and the constant temperature of the surroundings (20°C).

Question: Can you predict (calculate) the temperature of the
coffee after 1 minute?

» Answer: The "situation-translation" gives the DE:
dL(t) = —K(T(t) — 20). Constant K is the positive
proportional constant.

» The DE is separable, solving this in steps:

> Separation gives: 7905 = —Kat

> Integration gives: In |T — 20| = —Kt + Cy, with integration constant C .
> Solving for T gives: T(t) = 20 + Cze’K‘, where C, is a positive constant.
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A Seperable DE in an application :

» Given: The temperature decrease of boiled coffee in a cup is
proportional with difference of the temperature of the coffee
and the constant temperature of the surroundings (20°C).

Question: Can you predict (calculate) the temperature of the
coffee after 1 minute?

» Answer: The "situation-translation" gives the DE:
dL(t) = —K(T(t) — 20). Constant K is the positive
proportional constant.

» The DE is separable, solving this in steps:

> Separation gives: 7905 = —Kat

> Integration gives: In |T — 20| = —Kt + Cy, with integration constant C .
> Solving for T gives: T(t) = 20 + Cze’K‘, where C, is a positive constant.
> Wwith the initial condition T (0) = 100 we get C, = 80.
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A Seperable DE in an application :

» Given: The temperature decrease of boiled coffee in a cup is
proportional with difference of the temperature of the coffee
and the constant temperature of the surroundings (20°C).

Question: Can you predict (calculate) the temperature of the
coffee after 1 minute?

» Answer: The "situation-translation" gives the DE:
dL(t) = —K(T(t) — 20). Constant K is the positive
proportional constant.

» The DE is separable, solving this in steps:

> Separation gives: dezo = —Kdt

Integration gives: In [T — 20| = —Kt + Cy, with integration constant C; .
Solving for T gives: T(t) = 20 + Cze’K‘, where C, is a positive constant.
With the initial condition T (0) = 100 we get C, = 80.

vy VVvVY

The final answeris T (t) = 20 + 80e ~ X!, for getting the value of K an extra data is needed.
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Defition first order linear differential
equation :
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Defition first order linear differential
equation :

A first order DE is called linear if the DE can be put in the
form:

y'(x) + P(X)y(x) = Q(x)
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Defition first order linear differential
equation :

A first order DE is called linear if the DE can be put in the
form:

y'(x) + P(X)y(x) = Q(x)

Herein are P(x) and Q(x) given functions.

Remark: In this course we don'’t expect that you can solve
this equation by hand.

For solving this equation we make use of Maple:
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Defition first order linear differential
equation :

A first order DE is called linear if the DE can be put in the
form:

y'(x) + P(X)y(x) = Q(x)

Herein are P(x) and Q(x) given functions.

Remark: In this course we don'’t expect that you can solve
this equation by hand.

For solving this equation we make use of Maple:

P The Maple commands: > DE := diff(y(x), X)+P(X)*y(x) = Q(x): dsolve(DE, y(x)):
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Defition first order linear differential
equation :

A first order DE is called linear if the DE can be put in the
form:

y'(x) + P(X)y(x) = Q(x)

Herein are P(x) and Q(x) given functions.

Remark: In this course we don'’t expect that you can solve
this equation by hand.

For solving this equation we make use of Maple:

P The Maple commands: > DE := diff(y(x), X)+P(X)*y(x) = Q(x): dsolve(DE, y(x)):
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Defition first order linear differential
equation :

A first order DE is called linear if the DE can be put in the
form:

y'(x) + P(X)y(x) = Q(x)

Herein are P(x) and Q(x) given functions.

Remark: In this course we don'’t expect that you can solve
this equation by hand.

For solving this equation we make use of Maple:

P The Maple commands: > DE := diff(y(x), X)+P(X)*y(x) = Q(x): dsolve(DE, y(x)):
P The Maple answer:

y(x) = (/Q(x)efp<x)dxdx +_01) of PO

According to the Maple answer is calculation of the solution of this type of DE nothing more than

calculation of two integrals.
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Some examples of first order linear
differential equations :
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Some examples of first order linear
differential equations :

Which of the first order DE is linear?
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Some examples of first order linear
differential equations :

Which of the first order DE is linear?

» DEL: x —y’ = xy.
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Some examples of first order linear
differential equations :

Which of the first order DE is linear?

» DE1: x —y’ = xy. Answerl: Linear.
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Some examples of first order linear
differential equations :

Which of the first order DE is linear?

» DE1: x —y’ = xy. Answerl: Linear.
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Some examples of first order linear
differential equations :

Which of the first order DE is linear?

» DE1: x —y’ = xy. Answerl: Linear.
» DE2:y/ +xy? = V/X.
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Some examples of first order linear
differential equations :

Which of the first order DE is linear?

» DE1: x —y’ = xy. Answerl: Linear.
» DE2: y’ + xy? = v/X. Answer2: Not Linear.
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Some examples of first order linear
differential equations :

Which of the first order DE is linear?

» DE1: x —y’ = xy. Answerl: Linear.
» DE2: y’ + xy? = v/X. Answer2: Not Linear.
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Some examples of first order linear
differential equations :
Which of the first order DE is linear?

» DE1: x —y’ = xy. Answerl: Linear.

» DE2: y’ + xy? = v/X. Answer2: Not Linear.
> DE3:y' = J + 3 VX
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Some examples of first order linear
differential equations :
Which of the first order DE is linear?

» DE1: x —y’ = xy. Answerl: Linear.
» DE2: y’ + xy? = v/X. Answer2: Not Linear.
» DE3: y' = }% + Z/X. Answer3: Not Linear.
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Some examples of first order linear
differential equations :
Which of the first order DE is linear?

» DE1: x —y’ = xy. Answerl: Linear.
» DE2: y’ + xy? = v/X. Answer2: Not Linear.
» DE3: y' = }% + Z/X. Answer3: Not Linear.

<2
TUDelft Lecture 3: differential equations a theoretical approach ~ May 6, 2013



Some examples of first order linear
differential equations :
Which of the first order DE is linear?

» DE1: x —y’ = xy. Answerl: Linear.
» DE2: y’ + xy? = v/X. Answer2: Not Linear.
» DE3: y' = }% + Z/X. Answer3: Not Linear.

v

DE4: y sin(x) = x2y’ — X.
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Some examples of first order linear
differential equations :
Which of the first order DE is linear?

» DE1: x —y’ = xy. Answerl: Linear.
» DE2: y’ + xy? = v/X. Answer2: Not Linear.
» DE3: y' = }% + Z/X. Answer3: Not Linear.

v

DE4: y sin(x) = x?y’ — x. Answer4: Linear.
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Some examples of first order linear
differential equations :
Which of the first order DE is linear?

» DE1: x —y’ = xy. Answerl: Linear.
» DE2: y’ + xy? = v/X. Answer2: Not Linear.
» DE3: y' = }% + Z/X. Answer3: Not Linear.

v

DE4: y sin(x) = x?y’ — x. Answer4: Linear.
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Solvable first order DE-’s:
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Solvable first order DE-’s:

The importance of classifying First order DE’s is:
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Solvable first order DE-’s:

The importance of classifying First order DE’s is:
You can expect from Maple a exact answer for the solution
of a DE of type

y'(x) = F(x,y(x))
if it is Linear or Separable.
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Solvable first order DE-'s:

The importance of classifying First order DE’s is:
You can expect from Maple a exact answer for the solution
of a DE of type

y'(x) =F(x,y(x))

if it is Linear or Separable.

If not: try a numerical solver. (see Maple Demo):
(Explanation of numerical methods is topic of the next
Lecture.)
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The second order DE
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The second order DE

In our course we also may expect for second order DE with
constant coefficient from Maple an example (see lecture 2)
Example : We solve with Maple:

2

g (t)+bdx(t)+cx(t)—sm(t)
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The second order DE

In our course we also may expect for second order DE with
constant coefficient from Maple an example (see lecture 2)
Example : We solve with Maple:

2 d
g (t)+b x(t)+cx (t) =sin(t)
The Maple solution:
X (1) = &2 oy l:\2—4%\ t o ot bza_4ca ' 1y E-@)sin(® —cos()b
B - - b2 +¢c2 — 2ca + a2
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The second order DE

In our course we also may expect for second order DE with
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The Maple solution:
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