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Aim

To develop a basic understanding of the
properties of mass-spring-damper system/| |\ €3le)=e ¢
and its applications in product designs

To demonstrate that such a system might
be modeled so as to provide useful data for
designs

To communicate with experts in their
professional languages

Communication
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Repetition: What is a system?

System consists of a set of

interacting or interdependent

system components (or sub-
systems)

7

\

-Structure & interconnectivity
-Boundary

-Input & Output
-Surroundings

Boundary —

Surroundlngs

/\ /_\\
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Subsystem
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Example of a system

Tyre

Tyre

Courtesy of http://www.cycle9.com/carrboro-chapel-hill-store/batavus-bicycles-lets-go-dutch/
Courtesy of http://www.batavus.nl
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Dirac function

5({}_ oD =1,
B 0 others

f:=t— Dirac(r — 1)

Maple™

Velocity in the
vertical direction
0.0a

0.010
0.00%
0.04
0.006
0.0z
0.004 . . , /J\[\
Displacement in the T i p
vertical direction ||
0.002 -0.02 ]/
-0.04
” !
1] 1 2 3 4 5
I3

Outputs

Bou ndary Courtesy of http://www.batavus.nl
Courtesy of http://reviews.mtbr.com/blog/tag/Cycle-Solutions/
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System response

Step function

0 t<i,
F(&) =1 undefined t =t,
x, 31, Velocity in the
Maple™ vertical direction
f:==t— Heaviside(t — 1)
oons Displacement in thug' | |
vertical direction | | L
o 1 2 . 3 4 5 —U.Ul- \/
-
Inputs Outputs

Boundary

Courtesy of http://www.batavus.nl
Courtesy of http://www.utilitycycling.org/2009/08/cycling-services/
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System response

Velocity in the
vertical direction

A N\

N
| | |
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| |
| |
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b I I

Displacementin the
vertical direction

Boundary

Courtesy of http://www.batavus.nl
Courtesy of http://www.utilitycycling.org/2009/08/cycling-services/
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What are components of the bike’s
model?

N

Courtesy of http://www.batavus.nl
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Components - Spring
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Component - Spring

A spring is
an elastic object used to
store mechanical energy

Ref. http://en.wikipedia.org/wiki/Spring_(device)
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Spring — Linear

Courtesy of http://en.wikipedia.org/wiki/Spring_(device)

Spring — Angular

Courtesy of http://en.wikipedia.org/wiki/Spring_(device)

Model a spring

Sketch

B (t)

X(t)

Model
Force[N]

O F@oy=—he(0)

Spring Constant j \ Displacement
[N/m] [m]
Torque[Nm]
M) =—kO(?)
Spring Constant gir;,iT:ali:ement

[Nm/radian]

[radian]

Courtesy of http://en.wikipedia.org/wiki/Spring_(device)
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Rehearsal: Bungee jumping

The Modelling TV

Courtesy of http://www.youtube.com/watch?v=sriUfHUHSXY
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Components

=Spring

Bungee
jumping

» Earth ©

]
TU Delft Challenge the future 15
-




Cause-effect

l Mass of Il l ] 700007
the person Gravity Spring Air friction %
m

Inertia for Stretch Pull the Slow down vX
erlia force the spring person back | the motion
_dx(®) B 0 x(t) <L x(t) dx()y2_
m=— + mg k{x(t) L x(t)> L Slgmtm( )2 airAca (=)

!

—-1x <0
signum(x) =4 0 x =0
1x>0
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Modelling using Maple®

Suppose the displacement is x(t)

| > restart:
j>q" = —m-diff (x(1). 182) — k- (piecewise(x(t) < L.0,x(t) > L.x(t)-L)) + m g — signum(diff(x(z). 1)) % P gy CaA -difflxl1). 1)?
=0
-~ & .. 0 x(1) <L 1. d .. d .\
equ = —m[ P x(r]] - k[ A -1 L<xf) J +mg— Y s:gnum[ Ex(.z]) P gir €44 [Ix(r]) =0 (L.1)
=>

itial conditions
ics = x(0) =0,D(x)(0) =0;
ics:=x(0)=0,D(x)(0) =0 (1.2)

%
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The solution

Solutions
> sol = dsolve( {equ, ics), x(1), momeric, output = listprocedwre);
sol:=|t=proc(t) ... end proc, x(7) = proc(z) ... end proc, -%x(rj] =proc(z) ... end proc

gsp]acement
> x = rhs(sol[2]);
x:=proc(?) ... end proc
;peed
D> v = rhs(sol[3]);

v:=proc(f) ... end proc

acceleration

D> g = k—fadiff(v(1). 1= k):

0 I ]

a:=k—faiff(v(t), 1=k

%
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The solution

Displacement

Velocity

Acceleration

%
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The solution

40 4
30 4
il \
' Displacement
{ i
d“l '“”' |||'
aj ||||H|| |l|‘ |il;|||lU\|l| 1|||||IIH| l.\ml |;||;, e Velocity
-10- ]I '\ I
i Acceleration
N
3
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[s it different? - Trampoline

MEN’S TRAMPOLINE FINAL

START LIST

FEDORENKO NIKITA

PENNES GREGOIRE

BURNETT JASON

UEYAMA YASUHIRO

ITO MASAKI

LU CHUNLONG

USHAKOV DMITRY

DONG DONG

1
2
3
L
S
b
7
8

E
i |

Courtesy of http://www.youtube.com/watch?v=pSazagYBCM8

3
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Components

=Spring

= Human.

» Earth @ Trampoline

system
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Cause-effect

l Mass of I _ _ I W ]
the person [ GraVIty _] Air friction -

Inertia for Stretch Push the Slow down
erlia force the spring person back || the motion

l A/

dx(t) dx(t)
) palr d(x )2

1

—1x <0
signum(x) =< 0x =0
1x>0

0 x(t)<O0
m—- + myg k{x(t) x(£) > 0 SLgnum(
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Modelling using Maple®

Trampoline
> F=0

Inertia force + Force of Spring +Gravity+dragforce= 0
Suppose the displacement is x(t)
:> restart __|

> equ = -m-diff (x(t), 182) -k (piecewise(x(t) < 0,0.x(t) = 0.x(t))) + m-g — signum(diff(x(t), 1)) -%-pdr-cd-.ri-dmfx(r'}, 1‘}2 =0

: / 2
+mg— Lsignum[ix(‘t]J pail_cd.—'! lixm) =0

ol o it ]
equ = m[drzme kl\ 3 T T

x(t) 0=<x(n

0 x(r]<0]

kg 3 |
Initial conditions @
N ics = x(0) = 0, D(x)(0) = 5

ics:=x(0)=0,D{x)(0) =3

3
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The solution

Solutions
> sol = dsolve( {equ ics}, x(t), moneric, output = listprocedure, maxfun = 10000000 );

sol:=|t=proc(t) ... end proc, x(7) = proc(z) ... end proc, %x(r) =proc(z) ... end proc

aisplacement
s X = rhs(sol[2]);
x:=proc(r) ... end proc
E
speed

P> v = rhs(sol[3));
v:=proc(z) ... end proc
acceleration

P> a= k=fdiff(v(e). 1= K);

a=k—=fdiff(vit), t=k)

%
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The solution

Displacement

f Velocity
15

Acceleration

%
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The solution

same reason?

Displacement [ Speed ] [Acceleration]
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Bungee jumping vs Trampoline

Bungee
//fjumpMQ

_ax*@® B 0 x(t) <L (t) dx(t) 2_
4 4 4
i i i |
| | | i
| i [ |
i | | [
| [ | i
[ i i |
| | | i
& - ; - © <0 &
. dx?2(t) _ x(t) < x(t) dx()\2_
dt? + mg {x(t) x(t) =0 Slgnum( ) palr ( )
Trampoline
3
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Components - Damper
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Component - Damper

A damping elements Shock absorber with
resists relative velocity internal reservoir.
across them A

The components are:
C B A -rod,
B - the piston with seals, &£
D C-the cylinder,
D - oil reservaoir,
F— - E - floating piston,
F - air chamber.

I

3
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Model a damper

Sketch Model

Damper — Linear

c x(t) / Force[N]
| ‘/ . dx(1)

F(f)=—c2
dt
Courtesy of http://www.cartuningcentral.com/index.php?s=vibrations
Damping coefficientj \Velocity
;\ [Ns/m] [m/s]
e
Torque[Nm]
Damper — Angular
o(t) do
1
M(@)=—c )
dt

. o / \ Angular
Damping coefficient Velocity

[Nms/radian] [radian/s]

Courtesy of http://www.topfreebiz.com/product/1893443/Toilet-Damper.htm
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Case study: The slow closing toilet seat

The Modelling TV

Courtesy of http://www.youtube.com/watch?v=tBK1rewI8vQ
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System components

3
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Cause-effect

.~ Cawse
x Mass and
[ geometry of ] Damper Gravity
0 the lid
(t)
- Effet
S Inertia moment Slow down The lid
the motion goes down

I 1 1

2
—1 dztgt) —C (%(tt)) + mgsin(@ (t))L/2=O

]
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Modelling using Maple®

¥V Toilet Seat

> M=0

Inertia moment + Moment of damper + Moment of Gravity = 0
Suppose the angular diaplacement is theta(t)

> restart:

:; > egu = -Inertia-diff (theta(r), 182) — c-diff (theta(z). 1) +

4

m-g-sin(theta(z)) L _

> 0

d& . d _ 1 el bk
= v(r]J c[ % (,t,])+ > mgsin(8(z))L=0

equ = -Inertia

\

Initial Conditions: 1 degree of angular displacement, zero angular velocity

B (5 s — theta(o) = 1'1':;4 . D(theta) (0) = 0;

ics :=96(0) =0.01744444444, D(8)(0) =0
I:’arameters (weight = 2kg, c=20Nm's, arm length = 0.45 meters)|

> Inertia = m[é] g=98:L=045m:=2:¢c= 20:

%
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Solving the model

l_leview
> equ
-0.1012500000 l :; G(I]J - 20 ( % 6(‘2‘,]] + 4.410000000 sin( 6(7) ) =0
goluu'ons

> sol = dsolvel {equ ics}. theta(t), numeric, output = listprocedure, maxfun = 100000);

sol:=|t=proc(t) ... end proc, §(¢7) = proc(z) ... end proc, % 8(7) = prociz) ... end proc

displacement
> theta = rhs(sol[2]);

8 :=proc(z) ... end proc
éngular velocity
> omega = rhs(sol[3]):

w:=proc(t) ... end proc
éngular acceleration
> alpha = k— fdiff(omegal(z). 1 = k);

o.:= k—fdiff (w(1), 1= k)

%
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The solution

Angular
displacement

_ Angular

0.5 4 velocity
5 10 15 20 25 Q

Angular

acceleration

3
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The mass-spring-damper

system

<3
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The mass-spring-damper system

Courtesy of http://www.taiwan-bicycle.com.tw/Pd_Detail.asp?FKindNO=F000004&SKindNO=S00067 1&ItemNo=100002896

%
TUDelft Challenge the future 39




The mass-spring-damper system

B
CONN - CIER

Elasticity Damping Coefficient
Young's Modulus
Poisson's Ratio
Anisotropy

Courtesy of http://www.taiwan-bicycle.com.tw/Pd_Detail.asp?FKindNO=F000004&SKindNO=S00067 1&ItemNo=100002896
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The mass-spring-damper system

Courtesy http://www.airliners.net/photo/Airbus-Industrie/Airbus-A380-861/1169635/L/

3
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Case study: The skateboard
The movement in the vertical
direction

]
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System components

The skate

board
L g
| Neglect, whv?>@ @

3
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System

Mass of Do Sorin
m the board el pring

K c - Effeet
Inert Slow down Drag the
nertia force .
the motion mass back
dx?(t) dx(t) dy(t) _
AT N C( dt  dt ) - k(x(t) N y(t))—O

“]
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Modelling using Maple®

Mass Spring Damper - Step
2 F=0

Inertia force + Force of Spring + Force of damper=0
Suppose the displacement is x(t)

_> restart :

> equ=-m-diff (x(1). 82) — c-(diff (x(1). 1) — diff (y(1). 1)) — Kk (x(z) — »(2)) =0

I I O T & BT | D
equ = m[ dI:x(t_]] ck drx(,z‘] ldI}(t})) kix(t) — 1)) =0

Parameters

(> mi=50:g:=98:c:=100:k:= 1000 :y = r— -0.3-Heaviside(7) :
y:=t—(-1)-0.3 Heaviside(z)

Review

—

2

-50 [ :r x(_r']J — 100 [ix“_]) — 30.0 Dirac(z) — 1000 x(z) — 300.0 Heaviside(r) = 0

dr

]Zm'ﬁal conditions

| > ics = x(0)=0,D(x)(0)=0:

Solutions

> sol = dsolvel {equ, ics}, x(t), moneric, output = listprocediare)

t=proc(z) ... end proc, x(7) = proc(z) ... end proc, %x(t] =proc(?) ... end proc

sol :=

3
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Solution

N\

I
IS D

N N
N G N
A N
_ NEANER S
The step | . | Displacement
AN
N
\ } Velocity
L
% Acceleration
i
]
TUDelft Challenge the future 46




Discussion
a C=50 A

| Displacement

| Velocity

Acceleration

[ K=1000 ] K=100 [ K=10 J

]
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-01 4

0.2

03 4

044

Discussion

a K=100
| Displacement
| Velocity
| Acceleration
N\

~

=

]
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Consider human also as a spring and a damper,
can we model the shock to the head?

4 x4

We suppose the mass (mr+mb) moves slightly in the X1 + direction

Mass of bike and the .
Cause Spring ks Damper cs
human
Effect Inertia force in x- Drag the mass in x- direction Drag the mass (motion) back in x- direction

_m]_

Consider all forces along the vertical direction

B kl(xl(t) — X, (t)) —C (

d*x,(t)
dt?

\/
dx (t)  dx,(t)
dt dt

)=0

mj

K1

mif

mp

k2

Ej Co

Y

We suppose the mass (mw) moves slightly in the X, + direction

Cause

Mass of bike and the
human

Reaction force from Spring ks

Reaction force from Damper c;

Spring k;

Damper ¢,

Effect

Inertia force in X,- Pull the mass in X,+ direction

Slow down the motion of the mass in
X5+ direction

Drag the mass in X,- direction

Slow down the motion of the mass in X5-

direction

Consider all forces alongthe vertical direction

d*X, (1)

v

—Mm, dt2 + k1(x1(t) =X, (t)) +C (

@ d,t), | o o d
it 5 ) (= y0)-c(

X, (t) _¢dy

dt

d

®, _
)70

FTUbellt
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The natural frequency

‘ Introduce two parameters

Given a mass-spring damper system

K | Name: Natural frequency

@y =,|—
M | Unit: Radians/Second
x(t)

It can be modeled as: . .

, = c Name: Damping Ratio
k -m d“x(t) —C dx(t) —kx(t)=0 2:/mk Unit: dimensionless

dt? dt

m The model turns to:
d?x(t dx(t
5 ) + 24w, A%— wix(t)=0

c dt dt

]
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The damping ratio

The step function

C »0< g <1 Underj- Soh.mon is a complex, system will
damping | oscillate at natural frequency

) é— = Critical- | System converges to the input in the
damping | fastest way
N Over- System converges to the input longer | |
¢>1 damping | than critical damping, but it is more
stable

92

System responses to a step function input

3
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Resonance

Resonance Transmissibility I
6

Envelope: 1/|1-(w /o )] = Natural Frequency
5=0 e ® = Input Frequency
5 Disastrous resonance when =0 for o /o =1
. . 8= 0A1m‘_
Z If the frequency of the input is
o = | — —
0 the same as the natural Maximum Curve: 1
m . = INTw T} q
frequency, and the damping 2= 3. j
ratio is less than 1, it will lead to o :
g g
resonance. = 2 ¢
14
0 T
0.0 0.5 1.0 15 2.0 25 3.0
o fo,
Courtesy of http://en.wikipedia.org/wiki/Mechanical_resonance ~ Frequency Ratio
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Case study: Tacoma Narrow bridge

i,

The Modelling TV

Courtesy of http://www.youtube.com/watch?v=POFilVcbpAl

]
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Interpret the response of a step function

Desired steady
state response

Steady-state
error

Xinax . Actual steady Maximum overshoot ratio
state A=—"=—
Suppose we got = Xinax ~ Xss
de

"
<_

such a response
regarding a step / \ /
Y

function X

Damping ratio c In A

System

2
a0,
dt

o

o eix© =1

ga,

step

Natural frequency T

o, =—F—

T ot1-¢?

o
o
Xé
Settling time band# -
Il
ﬁl\)
+
—~
=
>
SN—

+10-90% rise time

0 t ts

Ref. William Palm Ill, System Dynamics, McGraw-Hill Science/Engineering/Math;
2 edition, January 26, 2009
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Interpret the response - 2

Example: If we know the response of /\
a mass-spring-damper system I
regarding a step function F(t), can we ‘ /
extract parameter ¢ and k from the ’ / \/
response? o
? X(t) Response /
k i / XSS —
F(t) L t,=3.28
m
/ Xoax =1.3723
c [i5 /
1} 5 10 13 20
£
v
Maximum overshoot ratio e X Maximum overshoot ratio 5 60
- Xmax B XSS L A = <.

Damping ratio £= In A Damping ratio

- \/ 5 2 > ¢ =03

7*+(InA)

Natural frequency . V4 Natural frequency

w, = i \/1 3 > , =1

i
From definitions Suppose m=1kg
Wy = k C= ¢ 3> k =1kg/m,c=0.6 Ns/m
m 2/mk

]
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Industrial applications

<3
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The pogo-stick

Courtesy of http://connect.in.com/pogo/photos-1-1-1-9ed7a7cecf4cb85de07b7f05697bfe43.html

3
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HOW CAR SUSPENSIONS WORK .
/iiow cax susrensions worx JRRIVRENRN

Strut Design

Shock Absorber
and Spring

Steering

Lower
Caontrol
Arm

Car Frame

©2005 Howstuffworks

The SUSpCl’lSiOl’l SYStemS (ref/auto.howstuffworks.com/)

HOW CAR SUSPENSIONS WORK Vertical/Horizontal

Acceleration

VERTICAL B ACCELERATION

Mormal Wheel Height

o3¢,

Road Surface

HORIZONTAL
ACCELERATION

22005 Howstuffwarks

Courtesy of http://auto.howstuffworks.com/car-suspension4.htmAl
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The dOOI‘ ClOSCI‘ (ref. /www.usbuildersupply.com)

LATCH

MAIN
PEED

DELAYED ACTION ZONE

Courtesy of http://www.usbuildersupply.com/index.php/hardware-basics/door-closer-overview/

]
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Thank You!

<3
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