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Motivating Examples

Decomposing a Two-Place Buffer

’LTL(d) ? 2-Place FIFO out (d) |

s Cint(d)?

ZM 1-Place FIFO : m>( ) | 1-Place FIFO JOUt(d)'
: Ot |
Thint(d)) Cintld)? int(d)'} :
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Parallel Composition

Semantics of p|| g

> p=p/, then p[lg= Pl g,

> g, then p|lg=p|| ¢, and
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Semantics of p|| g

> p=p/, then p[lg= Pl g,

> g, then p|lg=p|| ¢, and

» p>p and ng’, then pl\qoiéP/Hq’-
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Challenge

The Saga of Axiomatizing Parallel Composition

(Dish1+Dish2) || Coke L (Dish1 || Coke)+(Dish2 || Coke)
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The Saga of Axiomatizing Parallel Composition

Challenge

(Dish1+Dish2) || Coke L (Dish1 || Coke)+(Dish2 || Coke)

Faron Moller's Result
Parallel composition (without auxiliary operators)
cannot be finitely axiomatized.
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The Saga of Axiomatizing Parallel Composition

Bergstra and Klop's Invention
Axiomatize parallel composition using:

> Left merge (|): p—p/, then p| ¢> 0 || q,
» Communication merge (|): p—= p’ and ng’, then

olg
plg—p'llq.
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The Saga of Axiomatizing Parallel Composition

Bergstra and Klop's Invention
Axiomatize parallel composition using:
> Left merge (|): p—p/, then p| ¢> 0 || q,

» Communication merge (|): p—= p’ and ng’, then

alp
plg—p'llq.
Expansion Law

plla=(pl )+ (gl p) + (rlq)
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The Saga of Axiomatizing Parallel Composition

|| and |: Raisons d'étre

(Dishl + Dish2) | Coke «» (Dishl|| Coke) + (Dish2| Coke)

(Dishl + Dish2)|Coke +» (Dish1|Coke) + (Dish2|Coke)
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Parallel Composition: Axioms

Axioms for Untimed Processes

M x|ly=x[ly+yllx+xly

LM1 «af x =a-x

LM2 6| x=0

LM3  ax||y=a(x]y)

LM4 (x+y)llz=x|lz+y| z

M5 (X0 X(A) Ly = X0 X() Ly
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Parallel Composition: Axioms

Axioms for Untimed Processes (Cont'd)
S1 x|y =ylx
2 (xy)z=xlvl2)
S3 x|t=x
S4  ald=90
S5 (ax)|B = alf-x
S6  (a)l(B) = alf-(x || )
ST (x+y)z=x|z+y|z
S8 (X a0 X(d)ly = 2q.p0 X(d)]y

TCL (x[[yY)Lz=x[(2)
TC2 x[[0=x4

TG xy)Lz=xl(rIL2)
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The Saga of Axiomatizing Parallel Composition

Expanding Parallel Composition

(a-a)llb
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The Saga of Axiomatizing Parallel Composition

Expanding Parallel Composition

(a-a)||b
((a-a)[L b) + (bl (a-a)) + ((a-a)[b)

M
= LM3,LM1,S5
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The Saga of Axiomatizing Parallel Composition
Expanding Parallel Composition
(a-a)||b = M
((a-a)| . b)+ (b] (a-a))+ ((a-a)lb) = LM3,LM1,S5
(a-(al| b))+ (b-a-a)+((alb)-a) = M
=] = = = = ) Qv
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The Saga of Axiomatizing Parallel Composition

Expanding Parallel Composition

(a-a)||b = M
((a-a)[[ b) + (b].(a-a)) + ((a- a)[b) = LM3,LM1,S5
(a-(allp))+(b-a-a)+((a]b)-a) = M
(a-((a] . b)+ (b| a)+(alb)))+(b-a-a)+((a] b)-a) = LM1,LM1
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The Saga of Axiomatizing Parallel Composition

Expanding Parallel Composition

(a-a)||b = M
((a-a)| . b)+ (b] (a-a))+ ((a-a)lb) = LM3,LM1,S5
(a-(al[b))+(b-a-a)+((a] b)-a) = M
(a-((a] b) + (b a)+(alb))+(b-a-a)+((a] b)-a) = LM1,LM1
(a-((a-b)+(b-a)+(alb)))+(b-a-a)+((a] b)-a)
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Motivating Examples

Decomposing a Two-Place Buffer

’LTL(d) ? 2-Place FIFO out (d) |

s Cint(d)?

ZM 1-Place FIFO : m>( ) | 1-Place FIFO JOUt(d)'
: Ot |
Thint(d)) Cintld)? int(d)'} :
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Communication

Communication

» Idea: Give a name to the multi-action resulting from
communication.

» Goal: To synchronize different parties.

» Example: I_{snd|rcv—>comm}(Snd(]-) || Zi:N rcv(i)).

) Q>
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Communication

Axioms for Communication

Cl Tc(a)=7c(a)

C2 Tc(0)=0¢

C3 Telx+y)=Tc(x)+Tcly)

C4 Tc(xy)=Tc(x)Tcly)

C5 Tc(XgpX(d)) =2 4plc(X(d))

i
S
el
)
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Definition of ¢

Y0(a) = «
Taue (@) = 1a(6(a))

b(d) | Vay | - | an — pp(@\ (a1(d)] - - [an(d)))
Viar | o | an — b} (@) = if a1(d)|---]an(d) C « for some d.

o otherwise.
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Definition of ¢

Yo(c) = «
Yaue (@) = 7¢(1c(a)

{ b(d) | Vay | - | an — pp(@\ (a1(d)] - - [an(d)))
if a1(d)|---]an(d) E « for some d.

o otherwise.

Viar | o | an — b} (@) =

Examples
Valb—er((a(1) [ 6(1)) | a(2)) = c(1) | vialpoer(a(2)) = c(1) | a(2)

Yialb—c}(a(2) | b(2)) = c(2) [ Va|psey™ = c(2) [ 7 = c(2)

Mousavi: Parallel Processes TU/e
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I_{snd|rcv—>comm}(5nd(1) | | rcv(l))

[ tsnd|rev—comm ((snd (1) [L rev(1)) + (rev(1) || snd(1)) +
(snd(1)]rev(1)))

= M

= LMI1,LM1

=] 5 = ) Qv
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I_{snd|rcv—>comm}(*s’.’d(]-) || rcv(l)) - M
[ {snd|rev—comm((snd(1) || rev(1)) + (rev(1) [ snd(1)) +

(snd(1)|rev(1))) — LMLLM1
r{snd|rcv—>comm}((snd(]-) ’ rcv(l)) + (rcv(l) ’ snd(l)) +
(snd(1)|rev(1))) = 6K}
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I_{snd|rcv—>comm}(Snd(]-) || rcv(1)) = M
[ snd|rev—commy (snd (1) [ rev(1)) + (rev(1) [ snd(1)) +

(snd(1)|rev(1))) = LM1,LM1
r{snd|rcv—>comm}((snd(l) I‘CV( )) + (rcv(l) ’ snd(l)) +

(snd(1)]rev(1))) = e
r{snd|rcv—>comm}(Snd(]-) rcv(l))

r{snd|rcv%comm}ErC ( ) snd(l)) +

r{snd|rcv—>comm} sn ( )|rcv(1))) = C4
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I_{snd|rcv—>comm}(Snd(]-) || rcv(l)) = M
[ snd|rev—commy (snd (1) [ rev(1)) + (rev(1) [ snd(1)) +

(snd(1)|rev(1))) = LM1,LM1
r{snd|rcv—>comm}((Snd(l) I‘CV( )) + (rcv(l) ’ snd(l)) +

(snd(1)|rcv(1))) = c3
r{snd|rcv—>comm} (Snd(l) rcv(l))

r{snd|rcv%comm}(rc ( ) snd(l)) +
r{snd|rcv—>comm} (S ( )|rcv(1))) = C4
(r{snd|rcv—>comm} (Snd(l)) r{snd|rcv—>comm}(rCV(]'))) +

(r{snd|rcv—>comm}(rcv(1)) ’ I_{snd|rcv—>comm}(snd(]-))) +

'7{snd|rcv—>comm}(Snd(1)|rcv(1)) = CIx3

Sl
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Communication and Allow

r{snd\rcv—)comm}(sr'd( ) H rCV( )) = M
I_{snd\rcv%comm}((snd 1) LL rCV(]-)) (rcv(l) I_L Snd(l)) +

(snd(1)|rev(1)) = LM1,LM1
r{snd\rcv%comm}((snd 1) rCV( )) + (I’CV(].) ’ snd(l)) +

(snd(1)]rev(1) _ 3

) - rev(1)) +
rev(1) - snd(1)) +
d(1)[rev(1))) = C4

)
I_{snd\rcv%comm}(sr'd(
r{snd|rcv~>comm}
r{snd|r<:v~>comm} sn
(r{snd\rcv%comm}(snd 1)) r{snd|rcvﬁcomm}(rcv(1))) +
(r{snd\rcv—n:omm (I’CV( )) r{5nd|rcv—>comm}(5nd( )))+
Y{snd|rcv—comm}\SN ( )|rCV( )) = C1x3
(7{5nd|rcv—>comm}(5nd 1-)) ’7{snd|rcv—>comm}(rcv(1))) +
sn

(7{5nd|rcv—>comm I’CV( )) ’7{5nd|rcv—>comm}(5nd( )))"’

1
(
)
(
)
1
(
(s
(
}
(sn
(
}
(snd(1)|rev(1)) = Def. of v

Y{snd|rcv—comm}
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r{snd\rcv—)comm}(sr'd( ) H rCV( )) = M
I_{snd\rcv%comm}((snd 1) LL rCV(]-)) (rcv(l) I_L Snd(l)) +

(snd(1)|rev(1)) = LM1,LM1
r{snd\rcv%comm}((snd 1) rCV( )) + (I’CV(].) ’ snd(l)) +

(snd(1)]rev(1) _ 3

) - rev(l)) +
rev(1) - snd(1)) +
r{snd|r<:v~>comm} ( )|rCV(1))) = C4
(r{snd\rcv%comm}(snd )) r{snd|rcvﬁcomm}(rcv(1))) +
(r{snd\rcv—n:omm ( )) r{5nd|rcv—>comm}(5nd( ))) +
Y{snd|rcv—comm}\SN ( )|rCV( )) = C1x3
(7{5nd|rcv—>comm}(5nd )) ’7{snd|rcv—>comm}(rcv(1))) +
(7{5nd|rcv—>comm I’CV( )) ’7{5nd|rcv—>comm}(5nd(1))) +
’7{snd\rcv—>comm}( nd(1)[rcv(1)) = Def. of v
(snd(1) - rev(1)) + (rev(1) - snd(1)) + comm(1)

)
I_{snd\rcv%comm} (Snd(
}

1
(
)
(
)
1
r{snd| rcv—comm (
(s
(
A
(
(
}

1
(re
1
(
S
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Allow
» Idea: To enforce synchronization by only allowing for the
results of communication.
» Goal: To synchronize different parties.
> Example: VCommr{snd|rcv—>comm}(Snd(]-) || Zi:N rcv(i)).
[=] = E = Al
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Allow

Axioms for Allow

Vi Vy(a)=« ifae VU{r}
V2 Vy(a)=9 ifag VU{r}
V3 Vy(d) =9

V4 Vv(x+y)=Vv(x)+ Vv(y)

V6 Vy(xy)=Vv(x)Vv(y)

V6 Vu(Yup X(d) = Yup Vr(X(d))

TV1 V\/(VW X) = V\/mw(X)

Mousavi: Parallel Processes TU/e
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V{comm} r{snd|r¢:v—>comm} (snd(l) H rcv(l))

=Prev. Ex.
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V{comm} r{snd|r¢:v—>comm}(Snd(]-) || rcv(l))
V{comm}((snd(l) ) rcv(l))+
(rev(1) - snd(1)) + comm(1))

=Prev. Ex

=] 5 = = = Al
.
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V{Comm} F{s,,d|,c\,_>comm}(snd(1) || rcv(l)) =Prev. Ex.
V{comm}((snd(l) ’ rcv(l))+
(rev(1) - snd(1)) + comm(1)) = V4
V tcommy(snd(1) - rev(1))+
V {commy(rev(1) - snd(1)) + V{comm) (comm(1)) = V5
o & - = = DAl
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V{comm}r{snd|r¢:v—>comm}(Snd(]-) || rCV(]-)) =Prev. Ex.
V{comm}((snd(l) ) rcv(l))+

(rev(1) - snd(1)) + comm(1)) = V4
V tcommy(snd(1) - rev(1))+

V {commy(rev(1) - snd(1)) + V{comm) (comm(1)) = V5

(v{comm}(snd(l)) : v{comm}(rcv(l)))+
(v{comm}(rcv(l)) ’ v{comm}(snd(l))) + V{comm}(Comm(l)): V1,V5

u]
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i
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V{comm}r{snd|r¢:v—>comm}(Snd(]-) || rCV(]-)) =Prev. Ex.
V{comm}((snd(l) ) rcv(l))+

(rev(1) - snd(1)) + comm(1)) = V4
V tcommy(snd(1) - rev(1))+

V {commy(rev(1) - snd(1)) + V{comm) (comm(1)) = V5

(v{comm}(snd(l)) : v{comm}(rcv(l)))+
(v{comm}(rcv(l)) ’ v{comm}(snd(l))) + v{comm}(comm(l)): V1,V5
0-0+9-5+ comm(1) = A7A3

Sl
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V{comm}r{snd|r<:v—>comm}(Snd(]-) || rCV(]-)) =Prev. Ex.
V{comm}((snd(l) ) rcv(l))+

(rev(1) - snd(1)) + comm(1)) = V4
V tcommy(snd(1) - rev(1))+

V {commy(rev(1) - snd(1)) + V{comm) (comm(1)) = V5

(v{comm}(snd(l)) ’ v{comm}(rcv(l)))+

(v{comm}(rcv(l)) ’ v{comm}(snd(l))) + v{comm}(comm(l)): V1,V5
d-0+46-6+ comm(1) A7,A3
d + comm(1) Al,A6
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V{comm}r{snd|r<:v—>comm}(Snd(]-) || rCV(]-)) =Prev. Ex.
V{comm}((snd(l) ) rcv(l))+

(rev(1) - snd(1)) + comm(1)) = V4
V tcommy(snd(1) - rev(1))+

V {commy(rev(1) - snd(1)) + V{comm) (comm(1)) = V5

(v{comm}(snd(l)) : v{comm}(rcv(l)))+
(v{comm}(rcv(l)) ’ v{comm}(snd(l))) + v{comm}(comm(l)): V1,V5

d-0+46-6+ comm(1) = A7A3
d + comm(1) = AlA6
comm(1)

Sl
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Hiding

» Idea: To rename the irrelevant actions to 7.
» Example:
7'{comm}vcomm,showI_{snd|rcv—>comm}(Snd(]-) || ZI:N rcv(i).show(i)).
» N.B.: Use communication, allow and hiding only the
above-specified order.

=} 5 = = ) Qv
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Hiding

Axioms for Hiding
HI  7(r)=r
H2  7(a(d)) =T ifael
H3  7(a(d)) = a(d) ifadl
H4  7(a|B) = 71(a)|(B)
H5  7(0) =9
H6  m(x+y) = 7(x) + 7i(y)
H7  ni(xy) = i(x)7i(y)
H8  71(Xg.p X(d)) = 2q.p TI(X(d))
H10 T/(T// X ) = T/U//(X)

u]
)
I
i
i

Do
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