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Semantics of Recursion

Recursion
Specification using Temporal logic

» Fix observable events (interactions with external world)
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Specification using Temporal logic

» Fix observable events (interactions with external world)

Out

» Describe temporal properties using these

s
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Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

Specification using Temporal logic

» Fix observable events (interactions with external world)

» Describe temporal properties using these

» Verify the correctness of the properties with respect to
some labeled transition system

s
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A scientist interacts with its environment
» coffee for taking coffee in
» coin for producing a coin

» pub for producing a publication
» e
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O
A scientist interacts with its environment
» coffee for taking coffee in

» coin for producing a coin

>

» pub for producing a publication

Properties of interest

» the scientist is not willing to drink coffee now

=} F = = = DAl
s
Mousavi: Modal u-Calculus



Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

A scientist interacts with its environment
» coffee for taking coffee in
» coin for producing a coin
» pub for producing a publication

’ e

Properties of interest

» the scientist is not willing to drink coffee now
» the scientist is willing to drink both coffee and tea now

s
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Temporal logic

A scientist interacts with its environment
» coffee for taking coffee in
» coin for producing a coin
» pub for producing a publication

> .

Properties of interest

» the scientist is not willing to drink coffee now
» the scientist is willing to drink both coffee and tea now
» she always produces a publication after drinking coffee

Mousavi: Modal y-Calculus
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Temporal logic Hennessy-Milner logic

Semantics of HML

Recursion
Hennessy-Milner logic

Semantics of Recursion

» Introduced by Hennessy and Milner in 1985

-z'

32(1):137-161, 1985.

Matthew Hennessy and Robin Milner. Algebraic laws for
nondeterminism and concurrency. Journal of the ACM,

Mousavi: Modal u-Calculus
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Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
.S S
Syntax of Hennesy-Milner logic
for ae Act

F:=true|false| -F | FAF|FvF|(aF|[aF
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Temporal logic

Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
.S S
Syntax of Hennesy-Milner logic
for a e Act

where

F:=true|false| -F | FAF|FvF|(aF|[aF

» (a)F denotes that it is possible to perform action a and
thereby (in the next state) satisfy F
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Syntax of Hennesy-Milner logic

for a € Act
F:=true|false| -F | FAF|FvF|(aF|[aF

where

» (a)F denotes that it is possible to perform action a and
thereby (in the next state) satisfy F

» [a]F denotes that no matter how a process performs action
a afterwards necessarily F holds

s
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Hennessy-Milner logic

Syntax of Hennesy-Milner logic

for a € Act
F ::=true | false | -F | FAF| F Vv F |{(a)F | [aF

where

» (a)F denotes that it is possible to perform action a and
thereby (in the next state) satisfy F

» [a]F denotes that no matter how a process performs action
a afterwards necessarily F holds

» There is a minimal subset

Mousavi: Modal y-Calculus TU/e
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Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
.S S
Syntax of Hennesy-Milner logic

For A = {a,

-,an} € Act withn>1

» (AYF denotes (a1)F v --- v {ap)F and (@)F = false
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Temporal logic

Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
.S S

Syntax of Hennesy-Milner logic
For A = {ay,

-,an} € Act withn>1

» (AYF denotes (a1)F v --- v (an)F and (@)F = false
» [A]F denotes [a{]F A --- A [ap]F and [@]F = true
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Temporal logic

Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
.S S
Syntax of Hennesy-Milner logic

For A={ay,---,an) € Act with n > 1

» (AYF denotes (a1)F v --- v (an)F and (@)F = false
» [A]F denotes [a{]F A --- A [ap]F and [@]F = true

In the book, ‘true’ is also used for ‘Act’.
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Examples
» the scientist is not willing to drink coffee now
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Temporal logic

Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
.S S
Examples
» the scientist is not willing to drink coffee now
—(coffee)true

or

[coffee]false
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Temporal logic

Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
.S S
Examples
» the scientist is not willing to drink coffee now

—(coffee)true

or [coffee]false

» the scientist is willing to drink both coffee and tea now
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Temporal logic

Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
.S S
Examples
» the scientist is not willing to drink coffee now

—(coffee)true

or [coffee]false

» the scientist is willing to drink both coffee and tea now

(coffee)frue A (tea)true
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Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

Examples

» the scientist is not willing to drink coffee now

—(coffee)true or [coffee]false

» the scientist is willing to drink both coffee and tea now

(coffee)frue A (tea)true

» the scientist is willing to drink coffee, but not tea, now

s
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Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

Examples

» the scientist is not willing to drink coffee now

—(coffee)true or [coffee]false

» the scientist is willing to drink both coffee and tea now

(coffee)frue A (tea)true

» the scientist is willing to drink coffee, but not tea, now

(coffee)true A ~(tea)true

s
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Temporal logic

Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
.S S
Examples

» the scientist will always produce a publication immediately
after having drunk two coffees in a row
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Temporal logic

Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
.S S
Examples

» the scientist will always produce a publication immediately
after having drunk two coffees in a row

[coffee][coffee]({pub)true A [Act \ {pub}]false)

o =3 = = ERRLNC
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Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
.S S
Typical formulas
» the process is deadlocked

» the process can execute some action

» a must happen next

» F holds after one step
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Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
.S S
Typical formulas
» the process is deadlocked

[Act|false

» the process can execute some action

» a must happen next

» F holds after one step
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Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
.S S
Typical formulas
» the process is deadlocked

[Act|false

» the process can execute some action

(Actytrue
» a must happen next

» F holds after one step
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Temporal logic

Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
.S S
Typical formulas
» the process is deadlocked

[Act|false

» the process can execute some action

(Actytrue
» a must happen next

(aytrue A [Act \ {a}]false

(Actytrue A [Act \ {a}]false
» F holds after one step
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Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

O
Typical formulas

» the process is deadlocked
[Act|false

» the process can execute some action
(Act)true

» a must happen next
(aytrue A [Act \ {a}]false
(Actytrue A [Act \ {a}]false

» F holds after one step
[Act]F A (Act)true

s
Mousavi: Modal u-Calculus TU/e



Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

Material for the Semantics
» This set of slides!

» Chapters 5 and 6 of book ‘Reactive Systems — Modelling,
Specification and Verification’ by L. Aceto, A. Ingolfsdottir,
K. Larsen and J. Srba

» Section 6.4 of the book (and possibly Section 15.3)

Mousavi: Modal u-Calculus TU/e
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Temporal logic

Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
e
Semantics of HML
With each formula associate a set of states where the formula
is valid.

[F] < S is defined inductively by
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Temporal logic

Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
e
Semantics of HML
With each formula associate a set of states where the formula
is valid.

[F] < S is defined inductively by

1. [true] = S
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Temporal logic

Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
e
Semantics of HML
With each formula associate a set of states where the formula
is valid.

[F] < S is defined inductively by

1. [true] = S
2. [false] = @
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Temporal logic

Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
e
Semantics of HML
With each formula associate a set of states where the formula
is valid.

[F] < S is defined inductively by
1. [true] = S

2. [false] = @

3. [FAG]=[F]n[G]

o =3 = = ERRLNC
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Temporal logic

Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
e
Semantics of HML
With each formula associate a set of states where the formula
is valid.

[F] < S is defined inductively by

1. [true] = S
2. [false] = @

3. [FAG] =[F]N[G]
4. [FvG] =[F]V[G]
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Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

Semantics of HML

With each formula associate a set of states where the formula
is valid.

[F] < S is defined inductively by
1. [true] = S
2. [false] = @
3. [FAG]=[F]In[aA]
4. [Fv Gl =[Flvlal
5. [KayF] = (-a)[F]
where (-a-) is defined by
(ayT={pe S| pip’ andp’ € T}

Mousavi: Modal u-Calculus TU/e



Semantics of HML

Semantics of HML

With each formula associate a set of states where the formula
is valid.

[F] c S is defined inductively by

1.

[true] = S

2. [false] = @

3. [FAG] =[F]N[G]
4.

5. [KaF] = (a)[F]

[FvG]=[F]vilaG]

where (-a-) is defined by
(a)yT ={peS|Ap'. pip’ andp’ € T}
[lalF1 = [-a]lF]

where [-a] is defined by
[a]T ={pe S|Vp. p—a>p’ =>p eT}

Mousavi: Modal y-Calculus TU/e
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Examples

T
0
5

> (a)s, i} =1{s. 1}
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Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

Examples

T
0
5

> (ajsy, i} ={s, 1}
> [-alisi, 1} = {s1,82, 1, 11}

Mousavi: Modal u-Calculus TU/e



Semantics of HML

Is the HML formula (a){b)true satisfied by the labeled transition
system (i.e., by its initial state)?

Subformulas
true (b)true (a}{b)true

Mousavi: Modal y-Calculus TU/e



Semantics of HML

Is the HML formula (a){b)true satisfied by the labeled transition
system (i.e., by its initial state)?

(b)true
1b

true (b)true (a}{b)true

Subformulas
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Semantics of HML

Is the HML formula (a){b)true satisfied by the labeled transition
system (i.e., by its initial state)?

|

° (a){b)true
N

(b)true
1b

true (b)true (a}{b)true

Subformulas

Mousavi: Modal y-Calculus TU/e



Temporal logic Hennessy-Milner logic

Semantics of HML

Recursion

Semantics of Recursion
Is the HML formula (a)[b]false satisfied?

}

S
‘/

Mousavi: Modal u-Calculus
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Temporal logic Hennessy-Milner logic

Semantics of HML

Recursion
Is the HML formula (a)[b]false satisfied?

Semantics of Recursion

|
° [b]false
N
[b]false ‘ °

b

[b]false
=} =y = E = A
s
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Temporal logic Hennessy-Milner logic

Semantics of HML

Recursion
Is the HML formula (a)[b]false satisfied?

Semantics of Recursion

[b]false
(ay|bfalse
a

7
[b]false ‘

b

[b]false
=} =y = E = A
s
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Hennessy-Milner logic

Semantics of HML Recursion Semantics of Recursion
Is the HML formula [a](b)true satisfied?
7 X
b
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Temporal logic

Hennessy-Milner logic

Semantics of HML Recursion Semantics of Recursion
Is the HML formula [a](b)true satisfied?
7 K
0 ° (b)true
b
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Temporal logic Hennessy-Milner logic

Semantics of HML

Recursion
Is the HML formula [a](b)true satisfied?

Semantics of Recursion

7 Y‘
[al<b)true 0 ° (bytrue

[a](b)true
b

[a](b)true
=} =) = = = wac
s
Mousavi: Modal u-Calculus



Temporal logic

Hennessy-Milner logic

Semantics of HML Recursion Semantics of Recursion
Is the HML formula [a][b]false satisfied?
y a
F = E = A
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Temporal logic

Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
Is the HML formula [a][b]false satisfied?
G [b]false
7N
e @@
b
a [b]false
o = E = = 9Dac
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Temporal logic Hennessy-Milner logic

Semantics of HML

Recursion
Is the HML formula [a][b]false satisfied?

|

G [b]false

7 N\
[a]{ﬁ}f«iﬁii ‘ ° [a][b]false

Semantics of Recursion

b
a [b]false
Mousavi: Modal u-Calculus
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Semantics of HML Recursion
Outline

Semantics of Recursion
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Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

Limitations of HML

Limited expressiveness of HML

Using Hennessy-Milner Logic we can only describe properties
of behaviors with a finite depth.

Modal depth
» md(true) = md(false) =0

» md(F A G) = md(F v G) = max{md(F), md(G)}
» md([a]F) = md({a)F) = md(F) +1

Mousavi: Modal u-Calculus TU/e



Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

Temporal Properties not Expressible in HML

» Inv(F) iff all reachable states satisfy F
Inv(F) = F A [Act]F A [Act][Act]F A [Act][Act][Act]F A ...

» Pos(F) iff there is a reachable state which satisfies F

Pos(F) = F v (Act)F v (Act)(Act)F v (Act){Act)(Act)F v ...

s
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Recursion

Temporal Properties not Expressible in HML

» Inv(F) iff all reachable states satisfy F
Inv(F) = F A [Act]F A [Act][Act]F A [Act][Act][Act]F A ...

» Pos(F) iff there is a reachable state which satisfies F

Pos(F) = F v (Act)F v (Act)(Act)F v (Act){Act)(Act)F v ...
Problems

» infinite formulae are not allowed in HML
» infinite formulae are difficult to handle

Mousavi: Modal y-Calculus TU/e
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Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
O
Why not to use recursion?
def
» Inv(F) expressed by X =
» Pos(F) expressed by X

F A [Act) X
LEV (AcHX
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Temporal logic

Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
.S S
Why not to use recursion?
def
» Inv(F) expressed by X =

F A [Act) X
» Pos(F) expressed by X L F v (ActyX

Recursion on natural numbers

def
n:n<n?

def
n:n<En+1

def
n:nS1xn

o =3 = = ERRLNC
s
Mousavi: Modal u-Calculus



Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

HML with one recursively defined variable
Syntax of Formulae
Formulae are given by the following abstract syntax

F:=X|true | false | FfAF2 | F1Vv F> | (aF | [aF

where a € Act and X is a distinguished variable with a definition

> X ™ Fy, or X ™ Fy
such that Fx is a formula of the logic (which can contain X).

Mousavi: Modal u-Calculus TU/e



Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

HML with one recursively defined variable
Syntax of Formulae
Formulae are given by the following abstract syntax

F:=X|true | false | FfAF2 | F1Vv F> | (aF | [aF
where a € Act and X is a distinguished variable with a definition
> X ™" Fyor X MRy
such that Fx is a formula of the logic (which can contain X).

Alternative syntax:

F == X | true| false | Fi1AF | F1Vv F2 | (aF | [aF
|  uX.F |vX.F

Mousavi: Modal u-Calculus TU/e
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Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
.S S
Example:

X mn

such setis .

Any set of states S satisfies the set-equation X = X. The least
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Temporal logic

Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
.S S
Example:

X mn

such set is @.

Any set of states S satisfies the set-equation X = X. The least
Example:

X ™ x
Any set of states S satisfies the set-equation X = X. The
greatest such set is S.

Mousavi: Modal u-Calculus




Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

Eventually ‘@ will be disabled:

X< [a]false v (Act)X

a
«—  —
a

U U

a

The property is valid for the labeled transition system

s
Mousavi: Modal u-Calculus TU/e



Recursion

Eventually ‘@ will be disabled:

X< [a]false v (Act)X

a
«—  —
a

U U

a

The property is valid for the labeled transition system
Solutions of this equation are the sets: {0, 2} and {0, 1, 2}

Mousavi: Modal y-Calculus TU/e



Recursion

Eventually ‘@ will be disabled:

X< [a]false v (Act)X

a
«—  —
a

U U

a

The property is valid for the labeled transition system
Solutions of this equation are the sets: {0, 2} and {0, 1, 2}
We intended to describe the least solution!

X ™ [g)false v (Act)X

Mousavi: Modal y-Calculus TU/e



Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

Example: A state can be reached where a cannot be executed:

X ™ [g)false v (Act)X

|
o ©
U "

Mousavi: Modal u-Calculus TU/e



Recursion

Example: A state can be reached where a cannot be executed:

min

X = [a|false v (ActhHX
|

o0
v v
a a

The unique least solution for this equation is the set of states @

Hence the property is not valid for the labeled transition system

Mousavi: Modal y-Calculus TU/e



Temporal logic Hennessy-Milner logic Semantics of HML Recursion

Example: In every reachable state an a-transition is possible

Semantics of Recursion

X < (aytrue A [Act] X
|

0O—0

v, v,

a a

Solutions: @, {1}, and {0, 1}

o =2 = = = DAl
s
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Temporal logic Hennessy-Milner logic

Semantics of HML

Recursion

Semantics of Recursion
Example: In every reachable state an a-transition is possible

X < (aytrue A [Act] X

|
0O—0
v t
a a
Solutions: @, {1}, and {0, 1}

We intended to describe the greatest solution!

X "B (aytrue A [Act] X
Mousavi: Modal u-Calculus




Temporal logic Hennessy-Milner logic Semantics of HML Recursion

Semantics of Recursion

Example: In every reachable state an a-transition is possible

max
X

(aytrue A [Act] X

l
O——0—0
U U

a

Mousavi: Modal u-Calculus
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Temporal logic Hennessy-Milner logic Semantics of HML Recursion

Semantics of Recursion

Example: In every reachable state an a-transition is possible

max
X

(aytrue A [Act] X

}

O——0—0
U U

a

The greatest solution for this equation is the set of states {1}

Mousavi: Modal u-Calculus

Thus property is not valid for the labeled transition system




Temporal logic Hennessy-Milner logic Semantics of HML Recursion

Semantics of Recursion
min

X = (b)true v (Act)X
There is a path to a state where a b is possible

b0

Mousavi: Modal u-Calculus




Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

min

X = (b)true v (Act)X
There is a path to a state where a b is possible

0——0
a
a
[ 1] a
b
e ¢
The least solution is the set of states {0, 1, 2, 4}; thus, property
is valid for the labeled transition system

Mousavi: Modal u-Calculus TU/e
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X & (bytrue A [b]X
initially and after each b, one can take a b transition

|

T
0
5

Mousavi: Modal u-Calculus TU/e



Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

X & (bytrue A [b]X
initially and after each b, one can take a b transition

|

T
0
5

The greatest solution is the set of states {s1, S, t1}.

Mousavi: Modal u-Calculus TU/e
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Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
e
Formulas for the properties that cannot be expressed in HML

» the scientist never drinks beer

X "™ [beer]false A [Act] X

o = E = = ©Dac
s
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Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

e
Formulas for the properties that cannot be expressed in HML
» the scientist never drinks beer

X ™ [beer]false A [Act] X

» the scientist always produces a publication after drinking
coffee

X ™ [coffee]((pub)true A [Act \ {pub}]false) A [Act]X

s
Mousavi: Modal u-Calculus TU/e



Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

e
Formulas for the properties that cannot be expressed in HML
» the scientist never drinks beer

X ™ [beer]false A [Act] X

» the scientist always produces a publication after drinking
coffee

X ™ [coffee]((pub)true A [Act \ {pub}]false) A [Act]X

» Inv(F)
X ™ F A [Act] X

Mousavi: Modal u-Calculus TU/e



Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

Formulas for the properties that cannot be expressed in HML
» the scientist never drinks beer

X ™ [beer]false A [Act] X

» the scientist always produces a publication after drinking
coffee

X "2 [coffee]((pub)true A [Act \ {pub}]false) A [Act] X
» Inv(F)
X ™ F A [Act] X
» Pos(F) .
X™ F v (ActHX

Mousavi: Modal u-Calculus TU/e



Temporal logic Hennessy-Milner logic Semantics of HML Recursion
Outline

Semantics of Recursion

Semantics of Recursion

o F = = DAl
s
Mousavi: Modal u-Calculus
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Temporal logic

Hennessy-Milner logic

Semantics of HML Recursion Semantics of Recursion
el

Semantics of Recursion (one variable)

» With each formula associate a set of states for which it is
satisfied

[FlcS

=} =y = E = A
s
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Temporal logic

Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
.S S
Semantics of Recursion (one variable)

» With each formula associate a set of states for which it is
satisfied

[FlcS
» How to deal with recursion variable X?

o =3 = = ERRLNC
s
Mousavi: Modal u-Calculus



Semantics of Recursion

Semantics of Recursion (one variable)

» With each formula associate a set of states for which it is
satisfied

[FlcS

» How to deal with recursion variable X?

» Make an assumption on states satisfied by X. For every
formula F we define a function Of : 25 — 25 st.

» if Sis the set of processes that satisfy X
» then Of(S) is the set of processes that satisfy F.

Mousavi: Modal y-Calculus TU/e



Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

Definition of Of : 25 — 25

ForSc S

Ox(S) = S

Otrue(s) = S

Ofalse(s) = 9
Ornr(S) = OF(S)N OR(S)
OF1VF2(S) = OF1 (S)u OFZ(S)
OaF(S) = (a)OF(S)
Ogr(S) = [a]Or(S)

Mousavi: Modal u-Calculus TU/e



Temporal logic Hennessy-Milner logic Semantics of HML
Example

Recursion

Semantics of Recursion

7N

Mousavi: Modal u-Calculus

) Q>

TU/e



Temporal logic

Hennessy-Milner logic

Example

Semantics of HML

Recursion

Semantics of Recursion

}

N
e@e

1. Ox({s}) = (-a)Ox({s}) = (-a:){s} = {s2}

Mousavi: Modal u-Calculus
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Temporal logic Hennessy-Milner logic Semantics of HML
Example

Recursion

Semantics of Recursion

}

g N
o/

(@yX
a
1. Ox({s}) = (-a)Ox({s}) = (-a:){s} = {s2}

Mousavi: Modal u-Calculus
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Temporal logic

Hennessy-Milner logic

Example

Semantics of HML

Recursion

Semantics of Recursion

'Y
x 0@9

1. Ox({s}) = (-a)Ox({s}) = (-a:){s} = {s2}

2. Oax({s,s1}) = (-a)Ox({s. s1}) = (-a){s, s1} = {s, sp}

Mousavi: Modal u-Calculus
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Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
Example
<a>)(
X (@X
a

Oayx(is}) = (-a)Ox({s}) = (-a-){s}

2. Oax({s,s1}) = (-a)Ox({s. s1}) = (-a){s, s1} = {s, sp}

{s2}
Mousavi: Modal u-Calculus
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Temporal logic

Hennessy-Milner logic

Example

Semantics of HML

Recursion

Semantics of Recursion

b
XO@@

1. Ox({s}) = (-a)Ox({s}) = (-a:){s} = {s2}

2. Opx(is. s1}) = ¢-a)Ox({s, s1}) = (-a)is, s1} = (s, s2}
3. Opx({s1}) = [b]Ox({s1}) = [-b]{s1} = {s1, sz}
Mousavi: Modal u-Calculus

[m]




Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

Example

X

(B]X [b]X

b
0@9

1. Ox({s}) = (-a)Ox({s}) = (-a:){s} = {s2}
2. Oax({s,s1}) = (-a)Ox({s. s1}) = (-a){s, s1} = {s, sp}
3. Opx({s1}) = [b]Ox({s1}) = [-b]{s1} = {s1, sz}

CERE-, = = . _9Dac

Mousavi: Modal u-Calculus TU/e
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Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion
el
Observation
Semantics of formula F
=] F = E = A
s
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Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

e
Observation
Semantics of formula F

. [true] = S

. [false] = @

. [FAG]=[FInlG]

. [FvGl=[F]vilaG]

. [KayF] = (-a)[F] where (-a-) : 25 — 25 is defined by

[y

(62 I >SN \]

(a)S={peS|Ip.pSp andp € S)
. [[alF] = [-a][F] where [-a] : 25 — 25 is defined by

»

[a]S={peS|Vp.pSp =p eS8

Mousavi: Modal u-Calculus TU/e



Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

e
Observation
Semantics of formula F

. [true] = S

. [false] = @

. [FAG]=[FInlG]

. [FvGl=[F]vilaG]

. [KayF] = (-a)[F] where (-a-) : 25 — 25 is defined by

[y

(62 I >SN \]

(a)S={peS|Ip.pSp andp € S)
. [[alF] = [-a][F] where [-a] : 25 — 25 is defined by

»

[a]S={peS|Vp.pSp =p eS8
7. 11X ™ Fy then [X] = N(SC S| S = Op(S))

Mousavi: Modal u-Calculus TU/e



Semantics of Recursion

Observation
Semantics of formula F

1.

ISl A

[true] = S

[false] = @

[FAGl=TFINIC]

[Fva]=IFIvIa]

[(a)F] = (-a-)[F] where (-a) : 25 — 25 is defined by
(a)S={peS|ap'. pip’ and p’ € S}

[[a]F] = [-a][F] where [-a] : 25 — 25 is defined by

[a]S={peS|Vp.pSp =p €S8}

If X ™ Fy then [X] = NS < S| S = Ok (S))

8. If X = Fy then [X] = UIS < S| S = OF(S)}

Mousavi: Modal y-Calculus TU/e



Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

Let S be a finite set.

Computing the solution of X ™ Fy
There exists a natural number m > 0 such that [X] = Og,"(2)

Computing the solution of X = Fy
There exist a natural number M > 0 such that [X] = OFXM(S)

Mousavi: Modal u-Calculus TU/e



Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

Example: X ™"

¢
O—0—-0
VAR

a a

[a]false v (Act) X

s
Mousavi: Modal u-Calculus TU/e



Semantics of Recursion

min

Example: X = [a]false v (Act)X

O—0—0
P —
a a
Of(S) = O[a]false(s) U Oactyx(S)
[-@] Oraise(S) U (-Act-)Ox(S)

[a]o U (-Act)S
{2} U (-Act)S

Mousavi: Modal y-Calculus TU/e



Semantics of Recursion

min

Example: X = [a]false v (Act)X

O—0—0
P —
a a
Of(S) = O[a]false(s) U Oactyx(S)
[-@] Oraise(S) U (-Act-)Ox(S)

[a]o U (-Act)S
{2} U (-Act-)S

1. Of (@) = {2} U (‘Act)o = {2} U o = {2}

Mousavi: Modal y-Calculus TU/e



min

Example: X = [a]false v (Act)X

|
o 0 O
U

OFX(S) O[a]false(s) U O(Act)X (S)
[-@] Oraise(S) U (-Act-)Ox(S)
[a]o U (-Act)S

{2} U (-Act-)S

1. Of (@) = {2} U (‘Act)o = {2} U o = {2}
2. Of(12}) = {2} U (-Act-){2} = {2} U {0} = {0, 2}

Mousavi: Modal y-Calculus
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min

Example: X = [a]false v (Act)X

|
o 0 O
U

OFX(S) O[a]false(s) U O(Act)X (S)
[-@] Oraise(S) U (-Act-)Ox(S)
[a]o U (-Act)S

{2} U (-Act-)S

1. O, (o) = {2
2. O, (12}
3. OF, ({0,

U (-Act)o = {2}
) = {2} U<ACl‘>{2}—{
2}) = {2} U (-Act:){0,2

Uo ={2}
21U {0} =1{0,2}
b =1{2}u {0} ={0,2}

Mousavi: Modal y-Calculus
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Temporal logic Hennessy-Milner logic

Semantics of HML

Recursion
Example: X "= (bytrue A [b]X

Semantics of Recursion

o =3 = = ERRLNC
s
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Temporal logic Hennessy-Milner logic

Semantics of HML Recursion

Semantics of Recursion

Example: X "= (bytrue A [b]X

Mousavi: Modal u-Calculus

O(b)true(S) n O[b]X(S)
(-b-)Orrue(S) N [-b]Ox(S)
(b)Sn[b]S

{81, 82, i} N [-b-]S

TU/e



Temporal logic Hennessy-Milner logic

Semantics of HML

Recursion
Example: X "= (b)true A [b] X

Semantics of Recursion

o =3 = = ERRLNC
s
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Temporal logic Hennessy-Milner logic

Semantics of HML

Recursion
Example: X "= (b)true A [b] X

Semantics of Recursion

o =3 = = ERRLNC
s
Mousavi: Modal u-Calculus



Temporal logic Hennessy-Milner logic Semantics of HML
max
Example: X =" (b)true A [b]X

Recursion

Semantics of Recursion

1. OFX(S) ={81,8, 4} N[b]S ={s1,8. 1} N{s, 81,8, 1, 11} =
{51, 82, t1}

Mousavi: Modal u-Calculus
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Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

Example: X "= (b)true A [b] X

1. OFX(S) ={81,8, 4} N[b]S ={s1,8. 1} N{s, 81,8, 1, 11} =
{s1,82, 14}

2. OF,({s1,82, 1}) = {s1, 82, i} N [-b]{s1, 82, 11} =
{s1,82, i} N{s, 51,8, t, 1} = {S1,S2, 1}

Mousavi: Modal u-Calculus TU/e



Temporal logic Hennessy-Milner logic

Semantics of HML

Recursion
Some temporal properties

Semantics of Recursion

» Safe(F): for some execution F holds everywhere

X ™ F A ([Act]false v (Act)X)

o =2 = = = DAl
s
Mousavi: Modal u-Calculus



Temporal logic Hennessy-Milner logic

Semantics of HML

Recursion
Some temporal properties

Semantics of Recursion

» Safe(F): for some execution F holds everywhere

X ™ F A ([Act]false v (Act)X)
» Even(F): eventually F will hold (in every execution)

X ™ F v ((Acttrue A [Act]X)

o =3 = = ERRLNC
s
Mousavi: Modal u-Calculus



Temporal logic Hennessy-Milner logic Semantics of HML Recursion Semantics of Recursion

Some temporal properties
» Safe(F): for some execution F holds everywhere
X ™ F A ([Act]false v (Act)X)
» Even(F): eventually F will hold (in every execution)
X ™ F v ((Acttrue A [Act]X)

» F U™ G: F holds in all states until a state is reached where
G holds
X "™ G v (F A[Act]X)

Mousavi: Modal u-Calculus TU/e



Semantics of Recursion

Some temporal properties
» Safe(F): for some execution F holds everywhere
X "™ F A ([Act]false v (Act)X)
» Even(F): eventually F will hold (in every execution)
X ™ F v ((Acttrue A [Act]X)

» F U™ G: F holds in all states until a state is reached where
G holds
X "™ G v (F A[Act]X)

» F U° G: sooner or later G holds and until then F holds in
all states traversed

X™ G v (F A (Actytrue A [Act] X)

Mousavi: Modal y-Calculus TU/e



Temporal logic Hennessy-Milner logic

Semantics of HML

Recursion
Some temporal properties

Semantics of Recursion

Using until we can express e.g. Inv(F) and Even(F):
Inv(F)

and F U" false are logically equivalent
Even(F) and

true U° F are logically equivalent

o =3 = = ERRLNC
s
Mousavi: Modal u-Calculus
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