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Recap

Procedure for Statically Indeterminate Problems

.
1.
1.
V.

Free Body Diagram

Equilibrium of Forces (and Moments)
Displacement Compatibility
Force-Displacement (Stress-Strain) Relations

Solve when number of equations = number of unknowns

\/. Answer the Question! — Typically calculate desired internal

stresses, relevant displacements, or failure criteria

For bending, Force-Displacement relationships come from
Moment-Curvature relationship
(ie: use Method of Integration or Method of Superposition)
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Statically Indeterminate Beams

Many more redundancies are possible for beams:
- Draw FBD and count number of redundancies

- Each redundancy gives rise to the need for a
compatibility equation

I |
/ N
7
IA B | A
7 Va Vg
- 4 reactions 4-3=1 1st degree statically indeterminate

- 3 equilibrium equations
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Statically Indeterminate Beams

Many more redundancies are possible for beams:

- Draw FBD and count number of redundancies

- Each redundancy gives rise to the need for a
compatibility equation

7 lP 7 M lP MB
7 ) :
7 7 L —
AN BV

Va Vg

- 6 reactions
- 3 equilibrium equations

6-3 =3 |34 degree statically indeterminate
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Solving statically indeterminate

beams using method of integration
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What is the difference between a
support and a force?

[
&

Displacement Compatibility

(support places constraint on deformation)

S

|
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Method of Integration

lP
A B
7

What if we remove all redundancies
and replace with reaction forces?

NN

P $Ve
2 1 If we treat V,
é > as known, we
Z can solve!
% B _

M(z)

d2v

A L
Formulate expression for _
——{M =-El —

dz
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Can integrate
to find v




Method of Integration (cont)

l P 4Ve

NN

A

d2v

Bl =-M(2.V,)

¢~
EIV' =M (2.V,)-dz —C,

N

Ig Elv=[[M(zV,)-dz —c, _

v(z,Vy)

]
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How to determine Vg?

Z4 AtA,v=0,0=0

Determine constants of integration
from Boundary Conditions




Method of Integration
lP 4Ve
3
Z =
AA B

V(Z,Vg)| How to determine Vg?
] Ve,

~

(cont)

\~ Vg changes displacement!

Must be compatible! «——

Compatibility BC: AtB,v=10

]
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Solve for Vg




Compatibility equations for beams are simply
the boundary conditions at redundant supports
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Example 1 0
Problem Statement |
Determine deflection equation for ; 1 1 l l 1 1 l
Fhe beal_n L!smg method of é A B
iIntegration: 2
Solution
2) Equilibrium: 1) FBD: d
SF = H,=0 MA(H,J TT T 7171
—
; 1A B 1
YF =V, +V, =qL
Vv Vv
M, =M, =Ly, -3 %y A B
A A B 2 2 A
Treat reaction forces as knowns!
Aerospace Mechanics of Materials (AE1108-IT) — Example Problem 11
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1
Example 1 anCJEE] D v
: +V +V
4) Determine moment equation: — 7
g
cow-+ V4 M
D MM =M = M,+V,z _(qz)E A(, T 11
),
=M, +V,z _dp Vv
2 V,

Can also use step function approach y G
always on Aiéf‘lllllll'

B
always off

M = 1\/I[z 0] +V,[2-0] - [z o] +\/}Lz/ VA .
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Example 1

5) Integrate Moment equation to get — z q
v'and v
AT T 11111
CENV'=M,+V,.2- 32— v A B
—EIV =M z+V—z —ﬂz +C, =-EIb(2)

Ig y) 6
Elv_—z +V—z —iz +C,z+C, =-Elv(z)
6 24

We now have expressions for v and v/, but need to determine
constants of integration and unknown reactions

'i';u Delft Aerospace Mechanics of Materials (AE1108-II) — Example Problem 13



Example 1
5a) Solve for Constants of Integration — z q
using BC’s: )
R
Vv 7
—E|V'=MAZ+7A22—%Z3 +/@T=-E19(Z) AR B
\ Fixed support 7
0 B=0,v=0
—Elv :%z2 +V—Az3 _ 4 +/Qf;z +C, = -EIv(2)
2 6 24
Boundary Conditions: V
Atz=0,0=0 = —El o)=_%(o)3 #=2(0) +M,(0)+C
~.C, =0
] . .
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Example 1

5a_) Solve, for Constants of Integration e/ q
using BC's: O % I l 1 l 1 l 1
—EIv':MAZJFVEAZZ—%z3 +/@T=-EIO(Z) é:ﬁ\ B :
Fixed support
—ElV—M—Z +V—Az ——z +/@fz+52’ -Elv(z) oo

2 6

Boundary Conditions:

sV 3 M 2
Atz=o0,v=0 = —EI(0)=——(0)" +-2(0) +-22(0) +C,
24 6 2
~.C,=0
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Example 1
5b) Solve for Reaction Forces using — z d
BC's (imposed by redundant support):
AT T 1111
V
—-ElV' =M,z p a2 Ay = -EI0(z) ZA B
2 6 %
M y roller support
—E|V=—A22+—AZ3—iZ4=—EIV(Z) Vo
2 6 24
Boundary Conditions: q Vv M
—Lv= = —El(0)=——- (L) +2(L) +—=2(LY’
Atz=L,v=0 (0) == L(L) +2(L) + 22 (L)
. gL 3M, qRl_gzcall from equilibrium:
AT T |\/|A=7—|_vA Ve =qL -V,
'i';u Delft Aerospace Mechanics of Materials (AE1108-II) — Example Problem 16




— 7 q
Example 1 )
P 4TI T 111}
5b) Solve for Reaction Forces using é A B
BC’s (imposed by redundant support): 7,
2
V, = qL_3MA, M, =£—LVA, Vg =qL-V,
VAzqu
" e BT
My=—"¢ fA B
VB — EqL VA VB
8
3 . .
TUDelft Aerospace Mechanics of Materials (AE1108-II) — Example Problem 17




— 7 q
Example 1 )
; HNENEEE
We were asked to determine deflection é A B
equation: 7
M V
Elv=Pag2 VYas U e 0
2 6 24
2
VA 0.2 —

v=J (3L2 —5Lz +2zz)

48El

|
Max Displacement: j\O 0'40 0.5 1L
s N

v’:i(6L22—15L22+823):0 = 2~0.5785L

48El

gL’
v(0.5785L) = 0.0054163
] _ .
TU Delft Aerospace Mechanics of Materials (AE1108-II) — Example Problem 18




[Th
Example 1 anCJEE] D v
. +V +V
Now that the reactions are known: = z q
AT T T T T 1]
r

M(2)=—EN"=M, +V,7 —%22

/

gL’ . 5Lz gz

= — | 2 M
3 8 2 By —q?/|
V(z)=—Elv" =295 gy 2L
(@)= BV = 3 \

%
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Solving statically indeterminate

beams using superposition

]
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Method of Superposition

Determine reaction forces:

4 2L 1 L 1) FBD: P
2 | ' Ma 74 l
% A
% (=
A A B T 1
7
2) Equilibrium: Va Vs
ey - 4 reactions
Z F=H,=0 - 3 equilibrium equations

YF' =V, +V, =P

15t degree statically indeterminate

> M, =3LV, =2LP+M,
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Method of Superposition (cont)
How do we get compatibility equation?

lP
A B

/ \

Split into two statically determinate problems

AN

% I 8,
= = 2
AN Te~a__ B Op, AA B

o Be careful!

/
3) Compatibility: Op, = Op, (Ve +Ve, =0) +ve v 1
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Method of Superposition (cont)

How do we get Force-Displacement relations?

We have been doing this in the previous lectures

Integrate Moment Curvature Relation

d*v| Can integrate
M :_E'@ to find v

]
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Standard Case Solutions

NN

v 00 Ll
U

2 Ve PL




Method of Superposition (cont)

From the standard case: | 1P _ PL®
é | 5 " 2El
A B pL’
4) Force-Displacement: ) L > Vg = 3E]
: 2L oL 2
% | o _P(L) _2pPU
A —==== - P
A : }831 2E El
V., =V, +6,-L
straight‘ B TR TP
P(2L) 2
_P(2L) L 2P
3EI El
 14PL

]
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Method of Superposition (cont)

: PL°
From the standard case: ? 1P g, =
7 | 2El
Zn B PL®
4) Force-Displacement: ) L g Vg = 3EI
Vi,
4 _-="7| L8 :
g ___________ } B2 L _Ve(L) vl
AA B 2 3El El
Compatibility: . .
14PL OV, L
Vg +Vg, =0 = +H - ZVBZEP
3EI El 27
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Additional remarks about

bending deflections

]
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Remarks about Beam Deflections

Shear deformation

Recall

|

L/

Negligible (for long beams)

Bending Deformation = S@D’e@ + Moment Deformation

]
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Remarks about Beam Deflections

7 P ) M
- g 1P n
G
Vs| He
Vg .
C B P
4 Asi . —
xial deformation
lp of AB due to Hg
___________ [~ C
I fl_ —t 70,
| |
1 Axial deformation
' of BC due to Vg

Axial deformation << bending deformation!

]
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Remark about Beam Deflections

For bending deformation problems

negligible

Deformation = Axwon + ShMion + Moment Deformation

BUT! y |p M,
If moment deformation is not % B
present, deformation is not negligible % <~
AA B
Vi

]
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Example 2 rTriT711
B i C
Calculate reaction forces at A and D: :T
— L, EI ]
First, can we see any simplifications? A : D
Symmetry! 7
Symmetry implies: g
- Reactions at A = reactions at D 11 1HF
- Slope at symmetry plane = 0 B —I—D Me
- Shear force at symmetry plane = 0
We will solve using superposition
and standard cases A
T
3
TU Delft 30




q
T T |He
Example 2 B L.)MF
F
Calculate reaction forces:
1) FBD
2) quﬂlbrlum H, _'TV
> F=H,=-H, J
Ma
SFr =V, = at
cows gL’
DM = MA+?+ H.L=M_
Split problem into two: beam AB and beam BF
s . .
TU Delft Aerospace Mechanics of Materials (AE1108-II) — Example Problem 31




Example 2
Calculate reaction forces:
3)C tibilit
) Compatibility M. - qL2/8
i al/2|
H
B 1|—F>>M|= B > M qu/SV g y
F H / 'HF> F
L . —
_ ; s
ql/2
A A
0 I,
0.=0, v.=0
LBWi, (axial deformation negligible)
'i';u Delft Aerospace Mechanics of Materials (AE1108-II) — Example Problem 32




M: - qL%/8

Example 2 ) i,
B
4a) Force-Displacement for Beam AB
M: - qL%/8
He qL/2 ]
A
+ + T
A A A
T Z T
—>+ 3 —>+ 2 4
VB:HFL VB:O VB:—MFL+ qL
3EI 2El  16El
2 3
9§W+:HFL HB:O @§W+:_MFL+qL
2El El SEI
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Example 2

4a) Force-Displacement for Beam AB
M: - qL?/8

qL/Zl H. oo HL ML gl "
B [T °  3El  2El 16El
g _Hell ML gl
B
2El El SEI
A
T
Recall compatibility:
Still need 6 —— 6. =0, vy =0
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M: + qL?/8 g
Example 2 AT T TH =
amp C%/ _D
4b) Force-Displacement for Beam BF fAB F
a2t o2
7 : 7 7, M
Z | + é |H—F> + z ,) "
AB F AB F AB F
we _ A(L/2) o ML
F _ QF = O F EI
6El
A -
—
L’ M_L
o' = =M Wait! Not entirely correct!
48El El
'i';u Delft Aerospace Mechanics of Materials (AE1108-IT) — Example Problem 35




Example 2

Previous angle relative to fixed support B

AN
w <
)}

3
oo — Lt ML, B
48E1  EI
3 2
9§W+:7qL _2M( L H.L
48EI  ElI  2EI

=0
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Example 2

Solve:

Recall equilibrium:
> F=H,

> F* =V, = qu

e 2
Recall compatibility: S ME = M +£+ H.L=M._
0. =0, vp=0 O 8 )
3 2
gove 2700 2ML HeL |_
48El  EI 2El H -9 5 _at
F 8 A 8
2 2
\—/>+_HFL3_MFL2 qL4 - MF—% A:_qu_
° 3El  2El 16El 3
] . .
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Example 2
q oo dk
Bl —— C B —'—') Me gL’
| T F M = NN
— I_,l EI ) HA _ q_8|_
w7 . T A —’T V, Va=="
" 2L
MA M A - — 3
] . .
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For next time

LU =Learning unit |refer to blackboard site for learning units)

]
TUDelft

First Lecture Second Lecture Instruction
Week |Topics Preparation Topics Preparation Assignment Due Date Activity
Introduction MNone Stress, Strain, Hooke's [L.U. 1 {all)
none none no Instruction
31 Law
Axial lozding and L.U. 2 {all Torsion o circular LU 3.1-3.2
L g Al COZ1 18/02/2016 Mock exam 1
3.2 |staticindetermenacy shafts
Torsion of thin-walled |L.U. 3.3 Bending stressesin L.u. a{all) e 25/02/2016 B e ed
| eer gradin
3.3 shafts beams g g
Transverse shear LU.5.1 Shear stresses inthin- |L.U. 5.2
i COZ3 03/03/2016 Maock exam 2
3.4 stressesin heams walled heams
Combined loading L.U. 6 (all} Stress transformations |L.U. 7 {all) ;
: N COZ4 10/03/2016 Peer Grading 2
3.5 & Failure criteria
Eeam deflections by Discontinuity L.U. 8.2-B.3
s : ; COZ5 17/03/2016 Mock exam 3
3.6 |integration LU.8.1
statically L.U. 8.9 Heview Mone )
7 ) COZ6 24/03/2016 Peer grading 3
3.7 lindeterminate beams
i [}
3.8
3.9 o




