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Lagrange multipliers
(review)




Consider a system described by n variables
and m constraints:

{q1,-- - qn}
fj‘(QLﬂqu):O jzl,...?’n

ndof =n—m




In generalised coordinates constraints can have the form:

flqi,...,qn) =0 . Holonomic constraint
of =ﬂ5ql+...+igqn —0
aql aQn

S =A-59g=0 :  Nonholonomic constraint




W =QR-5q=0
As a consequence QF = )A and

QF =4, =221

0q;




Equations of motion with constraints
(formulated for n coordinates (instead of ndof)
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Augmented Lagrangian L* =L + Z A f;
j=1

for the variables {q1,...,¢,} and {)1,..., A}

d [al‘j oL =0 k=1,..,n
o0,

dt oq,




When should you use Lagrange multipliers?

(1) When the identification of degrees of

freedom is difficult.

(2) When reaction or connection forces need
to be evaluated.




Stability issues




Dynamical systems:

X = F(x,1)
X(O) = X

with x € R"




Equilibrium point:
F(x*,t1) =0

Is x* stable or unstable?




x* is stable if and only if

Ve >03dd(e) >0 | [|xo—Xx"|| <d=|x(t) —x7|| <€




If

de>0|Vd>0,|xo—x"|| <dand ||x(t) —X"|| > ¢

then x* is unstable




Linear dynamical systems; linearising X = F(X, 1) :
X = Ax

where A is constant and includes system
characteristics (mass, damping, stiffness)
and (possibly) force characteristics.




Solution: X(t) = Kce™ => Xx(t) = KAce™
=>  Kice™ = KAce™

Hence, A is an eigenvalue of the matrix A
Ac=4ACc  => A—-A1=0




x(t) = Z K,c;e™" when is this stable?

a)When \,. eR and \; <0 i=1,...n
b)When )\, € C and Re(\;)) <0 i=1,...n
c) Any combination of a) and b)




Non-linear dynamical systems

Linearisation about equilibrium points




Equilibrium points?

Stableat 6 =0 ?




v Satellite system
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